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2kit«g«r progrKaaOng dtalt irl^ tte •olation of Mttl^aatioal 
prograamlag probltBs in «lkloh M M or All of tho dooloioii Ytfi«* 
bloo oan assmn non-oog&tivo intogor ««Itioo only. An Intogor 
pfgtmm Is oftlloA aixod If ooat bat not aLL doolaion Tsriobloo 
«ro rootriotod to Intogor vflooo. If o i l tbe dooloion Torlobloo 
oro rootriotod to intogor VBIUOO tho intogor>pcognHi io oollod 
pnro. Zf in tho nboonoo of tbo intogralitgr conditiono tho 
objootiTo and oonotraint funotiono oro linociTf tho rooolting 
BOdoX io oollod on intogor Ilnoar program. 
Tbo gonoral intogor probloa nojr bo dof inod ao : 
MKlaiao (or ainlaiso) • * 80(X|^ »S2*«***^^ 
f 
«^  i: 0 J€It(l,2,...,n 
i I r 
wlbjoct to g4(xj^»X2»...fX„) • )b^ icn; 
Xj an intogor jex^l 
Zf Z « R, that iOf all tho Yariabloo x^  oro rootriotod 
to liit«t«r T«lMt» tht pveblfM I0 oalUA a para intagar problaa. 
Otharwlaat It X^K* tban tha problaa la oallad a «lsad lAtagar 
prablaM. 
Tha iittagar llnaar prograa la arlttan aa : 
lalsaCer alnlalaa) > * ^ c « 
aubjeet to ^I^ a^^ Xj • 8^-b^, 1 e K 
s^ j^  o l e u 
jCH 
x ^ 0 J e 1 
Xs an latagar j e Ic=ii 
vbara S. la a alaok Taflabla* 
It naj appaar that tba additional latagralltj oondltlOB 
oboald not praaaat a aarloua problaa. Although tha aolatlon 
apaea of the latagar problaa la atrootnrallj battar daflaad 
than In tha oontlottoaa problaa. It baa pxoToa to ba ooiQttta^ 
tlooally foralOabla. lo datat Inaplta of throa daoadaa 9t 
eontlnaooa tbaoratlcal raaa«r^f togathw with a traaaodoaa 
iBoraaaa In tha apaad and poaar of tha digital ooaipatart tha 
dabalopad Intagar algorlthaa haira not ylaldad aatlafaotery 
oewpatatlonal raaalta. Tha fact of tha nattar la that tha 
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lnt«gra^l^ ooaAitlen oft«n d«0«roj« th« " niot ** propcrti** 
of th« solatioii •pM«. A tarploal txaapU in th* iAt«g«r lla»ar 
preblfs; Ih tht abaoBM of tb« lBt#s«r oondltioii» tb« aolatloa 
•pao« !• ooBvix. This i t priauorlly t\m tmsio piroporlgr that 
!•«&• to tbo troMtadoQsly soocooofBl oliploic attboA for folTiag 
llBoar progTMi. 
Mizod intofor (or latogor) prograa la «hioh tlio intogor 
Toriabloo m ooaotrainod to bo o or I oro oallod ooro-oao 
•izoA iatofor (or iatogor) progroao. 
A Qonllnear foBotlen eon oloo bo llnoariaod by first 
troaofbrains i t iato a polyaoalal fmetloa with soro-oao 
•ariobloo (HaAoor aaA Rodoaaa [I968j) and thoa traasfomlag 
tbo poljaealal fnaotloa lata a Ilaoar foaotloa with zero-^ao 
Tariabloo ( Vitttor [I967}t SaafwiU [1965]). BowoTor, thooo 
traooforaatlono toad to draaatieally iaeroaoo tbo ambor of 
•ariabloo aad ooaotraiato Oloror [1972], and Olovor aad ffboloj 
0^ 975 ]t B>973] ha^ diocooaod aothoda to aohiovo aoro oooaoaioal 
liaoar ropro9oatatloao of ooro^oao polyaeaial prograwriag 
probloao, A ooapatatlonal otudj bjr Taha [l970] iadioatoo that 
tho boaoflt gaiaod by using thooo traasfbraatlons io data 
d«p«Adtttt» aad Q0unr9i»m M J not be vorttairliile* Rel«t«d woxk 
iaolttdas tbt rtUtlonsliip b«t«Mii « streH>ii» lat«c«r progvMi 
and a quadratio p r o y t n g preblcK as dlaousaed in BOWIMII and 
OlQti»f |1972Jt Sannington and ^fta 11972J» and Raghavohari 
&9693t 0-970], otbar 6ranaflDaui%iona ara in Garfinkal and 
VflMhansar &972j» 6raao% and BHHMT [I972j» P t^araon GL97I]t 
Balaa and MmoU 6-980Jt 0.984Jt nnd La and filUaa 09S7]. 
Tha lapertanoa of intasar prograaaint (misad or para) i s 
aaU aatiiblisbad. A mnbar of aath«iatioal progxaoia oan ba 
oonrerted to problaaa with intagar irariablaa, Maflr aitnatiena 
jriald prograaaing fozvalctions witli soaa or al l tha wrjh bias 
rafoi^ad to ba intagar. Sohadnling, looationt natwork and 
aalaotion problaaa ahlofa appaar in inditstry» military, adaoation, 
health and othar anvironBanta are also fOranXatad ae integer 
progiaiBiitng problaaa. A ooapleta dieoneeion an elaaaioal aodela 
aay ba found in Balinaki 0*965J, Balinaki and ^ielberg &96r J, 
and Daatsig 0>96O]. A few integer prograaaing fora&latt>n» aajr 
rapreeent a Taat nonber of real aorld problaae. Thaea pr«bleaa 
have been titled and algorithaa hanra been demiloped. Faoilitr 
loeatlon prohlmn (plftBl looatlon pvebl«is), r«ooiaro«-toak 
•ohcdoIlBf (let ooirerlng and att partitioning probUftt), a 
loadins prebl«i (Knap—ok probXaa) and traraling oalaaaaa 
problaa ara tha voat popular oaaaa. Theaa prablasa banra baan 
fbnuilataa aa iatagar prograMaiag pr«iblaBa« Vatban tloal wadalat 
algontlvui and ^pplloationa of tbaaa {oroblaaa ara laft to 
Chap tar •• 
1«3 IjBIIHODS OF IlfJ^^R tl^ Ofy»iif|iriff 
Bantsig I1949J afaowad tbat oartaln l&tager prograi a may 
ba aolvad aa linaar onaa. ^ll«taoim eaaaa inoloda tfaa aaaigninaat, 
tranaportation* and atatio nax fleir problaa* lb at iatagar prograaa 
will not axhiblt thia Intagral l l ty prapartyt and tha aiapln 
matbod will ganarally not aolira alxad intagar (or Integar) 
prograaa. t»m ballava that i t aagr ba battar to aolra tha 
problan aa llaaar ona and rooad tha raeulta " Intalligantly** 
to aoqnira a good (net optliMl) aolutlon qulokly. %a idea of 
rounding la notiithoat mariti at laaat for the tiaa baing and 
apaolally when ona la oonfiroatad with having aitiiar " a • 
aolntlon or no aolation at a l l , HoaaY^ r^, ona anet ba aiiara 
of tba (flMatiasa aa^ a^ra) lialtatlona of rounding. If a faaaibla 
0 
tolulloa is obtaiiMd tsgr rsttadiagt one iboold not bt oadcr tte 
illation thftt tuoh a aoltttiea i s optlaal or evtn olsse to 
eptlaitl, Ths fse^ tlSMt ooatiauoas eptiaiaatlon i s ussd doss 
not iiBOSsfMrilj asan that It will IsaA to a ** good '* iatsgsr 
solotlon* lbs voBBdiBg pvossinrs at best nay bs rsgsardsd as 
a hsoristio, 
Aoy intsgsr oedsl baring aa orlgiaal squality oonstraiat 
oan nsvsr ylsld a fsasibis UMisfsr solntloa tfarougb rooadiag. 
%iB i s bassd on tbs assuqptioa tbat only basio •arlabiss oaa 
bs roiadsdt i f nsosssaxy* and ^lat all ths nonbasio valPlablss 
rsnaia at ssro ls*vsl. Tbs assoaptiea i s not nnrsasonsbls sinos 
i t i s gsasrally difficult to oonsidsr slsvatiag a noabaoio 
•ariabls sboirs ssro sbils main tain Ing fsasibllity. This rssolt 
was obssr^d bjr (^ lo^sr and Soaasr [1972J. 3is idsa of rounding 
in irtiioh tbs nonbasio Tariablss ars allowed to asssas positirs 
(iatsgsr) Talass ssr^s as tbs basis for dsvslopiag a aopbis-
tioatsdf bat s t i l l ooqpatationally diffienlt* nsthod for solring 
intsgsr pliassr prograaaiag problvis* 
?bs aain oonoluslon Aeoa tbs sbors disouseloa is %bat tbs 
ass of rounding i s not a rsliabls proosdure for dsaling with 
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tht gtrwrAl integer pro1>UMi. Ttds mtsltumimA tb« l^p^rtanoe of 
oontimMA reetarch In order to develop ef lolent algoritlna 
for ^he integer problea. 
• elaeeifioatien of the aethode for eolviiig integer pro* 
grea i^ing prefblen ie given in the followi&g f i g . l . l 
Integer frograaaog MUthods 
4. ' • " " X 
Lintar £rograuidAg Probleae Monlinear frogreaniag froble 
All integer Vind fiitegear Zero««ne Folyaoaial Generel Ion« 
Problea Problea froblea Frograo&ing linear Fro-
Problea grawdag 
Problem 
I — ^ 1 I ^ a ^ I ^ 
(i) cutting Plane ^^ > ^«^^^ ^ ^ «»**»«• f i i ^^ "^ 
n t^bode Cii)Br«noh tf»d Bound fKblen ger 
(ii)Branoh and Htttoode 1^^, 





Figure l . l 
We flhall ooneider prino^al approach for aolving integer 
progranst vhioh are generallj oategerised into tfavee tjpee : 
( i ) •waMrmtiT* ••thpds (11) eattlng plan* mtthods anA 
(111) partltloiilng &lgerl%IUM« w« brUfly dtaorlb* tlitM 
««%hoAfl« Ibt A«tftllB of alsovlttaBs art Uft to tlio •ubaoqumt 
obaptors. 
BmaMratlTt ••thodo Mok tnantratlng all tlio flnlto nmtoor 
of points of tho solotlon spaoo. In tlia oliTlotta oenaa thla 
atata««»fltt oagr aoen aakrigiiottat If net orrenaeost whan appllad to 
tha ttliaA iBtasar problaa, lliOliBloallyy bowarar, It la aboan latar 
that9 aran In tha «lxad aaaa» tba anaaaratlira aetboda ara 
prlaarllj oontrollid by tha Inbagar rarSables. What mokaa aaaaa* 
ratlra aatbode w»ra pronialng than alnpla azhanatlaa aniaanttlont 
howavart la that taohnlq uaa can ba dai^lopad o^ annaarata onljr 
a portion (bapafolly aaall) of all tha candldata aolntlona whlla 
antOBatloallj dlaeardlng tha raaalnlng polnta as non provlalag. 
Claarljt tba afflolanoy of tba raaaltlng aoaroh algorltbM dapaada 
en tha poaar of tba teohnl«aaa that ara Aavalopad to dlaeard 
tbe non-^roalalng polatt. 
BniaMratlva aatbods priaarlly Inelnda lapllolt anoaaratlon 
taobniqaaa and braaob«-ond«^ oiaad taohnlqaaa. Ibo f irat type la 
aostlj soitad for th« Mro-oa* problMit and mv aotually b« 
eonsldcrad as a apooial oast of tha liraiioh and bound oatbods. 
A da tail daaoriptlon of tbaaa aatboda with ooapatational raaulta 
ia givan in Ghaptara III and If. 
Qttttiag plana algorittana ara dairalopad priaarilor for tha 
(aixad or para) iategar linear prograa, The^ algorltlima ara 
notlTBtad Iqr tha faot that tba aiaplax aolution to a linaar 
prograa gmat oooor at ao aztraoa point. Tha intant ia than to 
add apaoially daduoad Bopplaatary Inaqoalitiee that ara Tiolatad 
by tha oorrant nonintagar aolatlon bat naver by an faaaibla 
(integer) point. The anooeeaiva i^plioation of oneh a prooadora 
ahould arantually raanlt in a naw (ooBvaz) aolution apaoa with 
ita optiaOM axtrasia point properly aatis^ing i:ha integrality 
oondition. The naoa * cutting * aethoda ia gitan by the faot 
tha^ tba aappleaentazy inaqualitiea (oonatrainta) ** oat ** off 
infaaaibla parte of the oontinuoua eolation apaoa. 
Another nathod for the integer problea la Inapired by tba 
otttting plana taobniqaea and oalla for identifying the oonrax 
hull of all tha faaaibla integer polnta by oonatsooting a aet 
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of proper llBoar inoqaalltioo; Oaeo this io aont* tlio applioatloB 
of tho roBttlar olaplos atttiod woalA eXoarl^ prodooo Uio doolrod 
rtoBlt. fbo Biidor3yiiig dofolopnofit lo utDally roforvoA to • • tho 
amnq^totlo prObloa. A ooaaon property t ^ t otaarooterlaoo alaoot 
a l l tho oBttlQt plOBo olgorl^au lo Iftiot tlioro io no «vallOblo 
Inforaotion iA>out tbo iatoger oolutioA If the ealoolatlone ore 
etopped preaatorely. %ese mettiods are oecallj kzioim o« dual 
fobniqvmm and eheir prop«rtjr repre^eftee a. laajor dleadvantefo. 
There bae been eoae effort to develop * priaal * algorltbaot 
hot from the ooafotatioaol vleepolnt, them algorlthme have been 
leofi eatiofaotorjr. 
The emaoratlve aott^de axe eosotlMe referred to ae *alsoet 
dual " teohniqttee. Althottgh prisal foaolhUlty lo not gnaraateed 
at all tlaooy oooaeionallr the altorittaae may prodnoe a good 
feaeible eolotion, fhie ie an laportant advantage aa ooapwed 
witti the ootting aethods, Honovort the onoaoratlve aetbodo 
(epeoailly t ^ hranoh and hoond type) aaoally reoalt in eevere 
taxation of the ooapnter neaorj, a difficulty not prei*eat in the 
out ting aethoda. 
Cotting and enaseratlve aet^ iode poapoee tautually exolttelve 
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jprop«rti«0 whiob, i f ooaiblB9A» mnj nsu l t la a captrlor Mthod 
of selntUa* ninolyt an ftLforiihtt that yltlds faaalibU •olttions 
and in tba aaantlaa doas not raqalra a largo ooapntor mmovy, 
T^riooo ootting plana algorlttaw wl^ maMrloal axanplaa aro 
prooonfeod tn chap tor II* 
4 olseod Intogor prograa ean ba poood aa an intogor probloa 
CBondora 0.9621). The dlffloalty la aolTlng tbo intagor foraula-
tion arloao out of ^a largo noribar of oonetralnta wliieh totiat ^o 
goneratad, To ovoroogw thla dlf floulty Banders propoaed a 
"partitioning algoritha **iihloh aolvaa the integor oqotralont 
of t ho mlxod problem by oolving a aorloe of related integer 
and linear progroBa, Partitioning algoriUnaci are dlaoaenad in 
ohaptar III, 
Thoro are ooveral epooialiaed oothoda for oolring otroo-
tared problena onoh aa tbo Xnapaaok probiloa« the fixed ohaarge 
probloBiy the aet covering probletDt aod tiie traveling aaleflnan 
problen. 1!he«o algoritbaof although deaigned epeoifloally to 
exploit the apeoial etruoture of the probloB* are aotoally in the 
eprit of oitbar the aearch sotbode or the ontting plane soMiodo 
or a ooabination of both. SUB apooialisod prograne are given 
in ohaptor Y* 
2.1 IN1R0DDCTIDH 
A out i s a d«rlvtd oonstraint whloh haa tbe daalrabia propartgr 
of ** oatting off ** port of tba aot of feasible solutions whlls 
not axcludlng aqy intsger soltttlons. Moat oethodp vihioh sBpIoy 
OQts ganorata oat oonstralnts and ati l iaa thea asing llnaar 
prc^raming oathoda tmtil an optinal solution i s obtalnad. 
Tha idaa of oonatraint gaoaration was proposad by Dantzig, 
Fulkaraon, and Jolmaon [1934] In thair work on the traval ing 
aaleaaan problam> and than by Moorkowita and Manna [1957]. HowsTar, 
Gomory [1938] davalopad the fir at cutting plana cdgoritha 
applioat>la to any integer program. Shortly afterward• Gomoiy [i960] 
and Baala [1938] ganaraliaad Gooory's results to tha mixed integer 
oaaa. Gomory [i960J developed a aeoond cutting plane algorithm for 
tha integer program which requires only additions and subtractions 
in oonptttation ( an "all- integer *' technique). All of the aiboTe 
methoda maintain linear programs whioh are dual feasible, and 
are tbirefore often olasnified aa dual cutting plane algorithns. 
Dantsig [1939] proposed a out for whioh Gomoxy and bf fraan [1963] 
showed that the basic approach may not converge for large classee 
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of problme, Th« general dlffioaltlts of outting piano alglritfano 
aro doooribod by Halfin |l972]t Joroolow [1969], 0.971 j.Joroolow 
and Kortanok [1969], [1971] and Robin D. p.970]. Salkln H. M. [l97l] 
proirod that Goaory'o dual firaotlonal out for mixod Intoger llnaar 
prograiaaing (MILP) problon applltd to an all integer lioaar pro-
graoalng (AILP) probloa givea faatar oonvergance "^ ban that of 
Qonory*B dual fraotional out for all intoger linear urograraiilng 
i^AUiP) probleoa. Ben*I«rael and Oharnoa [1962] developed algorithae 
whlob lacked finltenese proof. Young [l968] Improved the vork of 
Ben-Israel and Chamee by the belp of Glorer [1968]. Gloirer [1968] 
and Toong [1971] developed outting plane algorithae for the 
integer prograse which contain linear probleae ttot eve prliial 
feasible. Balaa [1969], Burdet [1970j and Glover [1973] again 
developed different outting plane metbode for the solution of 
integer progress. %ese oute are basically generated through the 
intersection of feasible region with a qteoially etruotured region. 
Mathis ^. J. ^Sll"} desoribed the developiient of a counter exaiple 
to the rodisientary priaal integer progranaing algorithra. i^e gave 
two examples. ?he first showed the partioular sequence of outs 
that leads to a oyoling prooeef>. Iben, utilizing tne algebraic 
I'i 
laplioatione of thia Mqa«ne« of out«» a 8«oo&d example is 
d«velop«d ftha"^ dots not oonnrergs oslng tbs usaal OOIUBBA ssleotlon 
ruls. Arnold^L(l9743 prsBsntsd a paper In wbiob he exaaines the 
seqaeoQes of Glover's results using slapll^^ied p l^iaal Integer 
algarlthm so that both the termination of a sequence and the 
tahlsao at that point oan be prsdioted. lie ooQE t^rtiots an algorlthn 
that exploits thlri struotore W performing the iterations of the 
sequenae laplioitly and presents eoapatational results. Arnoldt .^ 
[19743 presented a ssaond paper in shioh he develops a new out ting 
plane for primal integer programing.fhis cut. v^ bMi i t exists 
and is ussd as pivot ro«« has ths property that the miniaua of 
the simplex evaluators of ths next tableau is strictly larger 
than ths rainiatra for the current tableau. The procoes of out 
generation i s thsn Imbedded into a oonvergeot primal algorithm. 
Recently few more papers have been contributed to the outting 
plane teohniqoen. Cbames« A, Granot* C. t And Cranot, !rD-977] 
developed a cutting plane algorithm for solving Integer interval 
linear programming problems using ths oono^t of intersection 
cot, introdttoed by Balas, E. [1971], Ghandforou©h,P. and 
Austin, L.M. D-^ Bl] developed a primal-dual outting plane algorithm 
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for a l l int«g«r prograaning. This algoritbrn i s a hybrid ( i . e . 
prinal-dnal) cotting plane aathod vhieh alternates betwrea ^ 
prlmal-feaaible stage related to Toting*a simplified primal 
algorittot and a dual feasible stage related to omory*s dual 
all-integer elgovlthoi. Anetin, L.M. and Obondforovish, P. [1985'] 
developed an advanoed dual algoritbm witb constraint relaxation 
for a l l integer prograisning. In this algorittim they generate 
upper bounds on the decision yariablest and uee the bounds to 
create an advanoed starting point for a doal a l l integer cutting 
plane algoritha, Ih addition, tbey use a constraint derived fron 
the objective funotion to speed progrecig toward the optimal 
solution, ^heir basic vehicle i s the dual all-in'-og^r algoritha 
of Oomoryt but they incorporate cer ain row-ond-colomn selection 
criteria whioh partially avoid the problem of dual<4esenerate 
iteratione. 
Xn this chapter, we pre^nt al l the basic out;*-ing plane 
algorithm with eolved examples, ^^ or recent work '^ he references 
are given. 
2.2 DAH1?2IS«5 CUT : Bantat^ [l959] observed that, given a 
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aonolxitegcr program, a Idgitiaiate out constraint l» that; th9 •UB -^ 
of th« noribaalo variablfs nmat •qual or •xoeed one. 
where J i s the set of indloes oorref^ocidlng to the non-^jasio 
vetrlebles appearing In the optlaal LP eclatix>n. 
%Q justification i s obYlons; Qsder no cIroutaitanQe could 
the sum of the non^^asio variables he negative. r:inoe a l l non-basie 
variables equal to aero (whloh i s the nonlnteger optimal) was not 
an Integer sol. tion, at least one non'^asio variable nust equal 
or exceed ooet which le ezaotly I}antzig*f>) constraint. 
2,2.1 D^^jg^*!^ Algor f^hm : A procedure based on l)antzig*s out 
was suggested : 
^tfp I • Solve the linear prograoniing problea* ignoring the 
integer constraints. 
g^y yi« If the optimal solution i s integer, stop. Otherwise go 
to step III. 
5;i^ i^  m - Add a constraint requiring that tne i^m of iion'4>asie 
variables he at least one. 
1 7 
^^ M> g « UM the dual •lapl«i ««tboa to 8OIT« tb« altered 
problea, %«n go to Step lt« 
2.2.2 ^^^^f^fon of pi^tgJgU Oy^  : Altbouj^ this algorittsa does 
comrerge to an optional in a f inite oaaber of it^cratioas la aany 
instaaoeRf i t baa been proved by Gooory and .oJ'man [l963] that 
i t does not eork In general. 
A variatloa of the Oooory all«-lAteger algorithm may le vi^ .ved 
ae an adaptation of Qantsls's nethod that does converge In e w y 
case. 
2.3 gP^T*? ^V"^ • Ralph GoiK>ry hae nade many oute*^an«liz« 
oontrlbutlona to t:he field of integer progranaing. W« aha LI o 
consider four of his outs. 
tar 
2 . 3 a £aa2IXli~Aaia4aaaL-£Bl : '^ claeploal dual fractional 
(convergent) algorlttea for integer program was developed by 
Ralph Goaory [1958], Oomory's cut hae the forta 
where x^^^ j^^  i s the ** Gomory stack variable " associated with 
the Ikth) added Inequality and t^J' a^^- lo^ a 1 v j«o , l , , . . a ) . 
IS 
Ob«erv« that o < t^^ < It o i f^^ i I (3«l» . , . tn) , a&d wh»B 
tte Ifiequallty la p^i^ anAad to tlia linear optlaal tablaao* prlaal 
infaaeiblllty la lntrMooad« ainoa X^^Q^X * "vo ^ *^ ^* ^ ^^ 
alao baan aboan that tha Goaovy oat la eatiriTlaA by aTaxy 
Intagar aolotlon and that it rm« propartiaa eofflalant to support 
a finita algorltha. 
2,3.2 qt^ea^^m p^tlt^oal Alaerithqi : Goi8ory«8 fractional al«o-
ritbm |l963] nay ba daaorlbad by tha following aeqaanoa of atapa : 
gtap I» fStartlng with an ali intagar tablaao, eolva tha intagar 
progroi aa a llnaar ona. If It la Infaaslbla* eo tti% intagar 
problao terainata. If tha ^tJaal aolatlon i s all intager, tha 
intagar prograa la aolTad • terainata. Otterwlsa. go to Stap II. 
glf^q, II- Dariva a naw inaqoality oonatraint ^or aut) from tha 
intagraXlty and (oorr-ent) oonatraint raqulremento wtiloh *buts off** 
tha current optimal point ( i . e . makaa tha Ilo<:;ir prograjoaing 
aolution InfeaelbXe) but aoaa not alaialnat<» an^ Intagar aolutlon. 
Add tha naw inequality to the bottoa of the eimptox tableau 
whloh than axhlbite priaal Infaaaibillty (l!be vnlua of t ie 
alaok variable aoaooiatad with tha naw row will be negative). 
IS 
&0 to sttp III, 
s^fp III- ReoptlmlM osing th« daal aivpUx swtbod. If th« 
naw linear program Is infeaaibl* tb« lnt«g«r problen has no 
solution - toroinats. It ths nsw eptiaan i s la integer, tbe 
integer progran Is solved - terminate. Otherwioo^ fto to step 11. 
"his fraaeifork i s rather slaple and » eaccept for the natort 
of tl^ e out oonstraint in step l it identioal to tfie fjramework of 
Dant8lg*8 method. 
ggqgt^ iMiBQt ttX QQBgrY!a ^"tMngart 4V«9maB 
m order to prove oowrergenoe of Oooozy's fractional 
algoritba, we taust alter the algoritha slightly and ciake a few 
auRutaptions. M adstxae that every problem variaole» including 
the objeotive funotion varial>let has a loser touna,(We could, 
i f desired, une linear prograaning formnlatioae to fin& ituoh 
bouade), Hert we ae^uos that the oon-intoger optiauo i s such 
tha^ a l l non<4>a8io veotora are Isxioographloally positive. A 
vector i s said to be ^lexioographically positive (negntivs) i f 
i t s f irst non-««ro ooaponent i s positive (negative). 
2d 
1^ " ^ e 
SHib e^ot to -4Xj^ -lQ!«2 i -12 
-10x^-43^2 i -12 
<X» ^ 2 o,lnt«g«r 
With noQHtitgatlvt slack x^ and x^, the Ilaftor optlaal 
• iaplaz tobXoao fi^pcars below and i s obtalnod after tuo plToto. 
'Sabloau-l 
x^ -144/84 6/84 6/84 
x^ 72/84 -10/84 4/84 
Xg 72/84 4/84 -10/84 
X« O 0 - 1 
0 - I 
X5 -72/84 (^H7Q^ -4/84 
(x^- Xg - 72/84, x^j- 12/7) 
aj^ j^ - 72/84 
f 
72 
10 • ? - [ ~ ] - ^ 72 84 '84 
9^^ - -10/84 
txi • -^V84 - [-lO/84>74/84 
ai2 " * /Q^ &/B4> 4/84 
Pivot oolina otlaotion : Uin 
•*• x^ beoones b&sio. 
6/84 r 6 M _ 
| l-74/&4r I -4/841 
-
Adding the oonetraint Xe while x^ ^ i s aeleoted as tiouroe row. 
2i 
OB pivoting no obtain •lapl«z tabl^an 2, 
^^loaa-2 
x^ -132/74 6/74 5/74 
x^ 72/74 -10/74 4/74 
Xg 69/74 4/74 - 7 7 4 
3U O O - I 
x^ 72/74 -e4A4 4/74 
Xg 0 - I O 
x^ -60/74 -4/74 
(xj-72/74, X2-6O/74, x^ ,« -132/74) 
flgQ • 60/74 
^20 • 60/74-[ro/74>60/74 
t^l - 4/74 
i^ ai " 4/74- [4,/74> 4/74 
'22 " -9A4-[ -9 /74> 65A4 
Pivot oolueui Mleotlont Mln ^ 
.*• x« •" booOBUifl baelo. 
6/74 5/74 
I -4/74 I j -CL;A4 j 
5 
65 
x^ 1« selootod a« oouroo rOw* Mdlog x^ con^tialnt to the 
bottom tabloao 2. On pivoting wt obtain tabI«{Ui 3. 
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O - I 0 
Xg O 0 - I 
x^ -10/65 ( g 2 § ) -5/65 
(Xj^i^- 60/65f XQ —120/65 ) 
^00 " - 1 2 0 / 6 5 - [ = ^ > 10/65 
65 
^ol " 5/65-[5/65>5/65 
•^ ,2 " 5/65 
fp2 • 5/65 - [ 5 / 6 5 ] - 5A5 
f 5/65 5/65 
I -5/65 I I -5/65 j 
, -9/65 4/65 
CoapQt«« Mln '^•-«> —•••» , - '••• - .-. f. • -9/65 
I -5/65 I j -5/65 I 
.'• x^ b«ooB«8 basic. 
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'PBbUau-4 








































" ^ ^ 
• l o " ^^ 
ho " ^/5 - [6/5] - 1/5 
a^i - -9/5 
I'll • -^ /5 - r-9'^J - 1/5 
•12 • 1/5 
^12 - 1/5- [1/5] - 1/5 
Pivot oolomn MUotlon : 
Mln r 1 ** ] -
1-1/5 i • 1-1/5T] 
beoomes baslo. 
O 






































All Integer optimal tableea, 
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The I n e q u a l i t i e s x^, x^, Xy, XQ ^ o i n terms o f x^ and Xg 
are : 
X5 «= -12 + 9ac^  + 4x2 
^ 6 " 
8^ 
-12 + 4x3^  + 9x2 
- 2 + X i + X2 




-7^1 ^ ~ I ('iyc(Cafov^h''r (I-
~^?(,^y,y, 4 . / ; ^^ f^  ,^^ y^  
ZiSHSe^EJ, - A graph of the Numerical Example 2 . 3 . 3 showins 
s o l u t i o n s , c o n s t r a i n t s , and cut c o n s t r a i n t s . 
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2.5.^ ^wwnrlt ygfinUftnai JUtfl teiiimir 9ttt : ^aip^ ooaoxy [i960] 
d«T«lop«d onttlBg plan« algorltta for tte aiz^d lntes«r pxograM 
wtiKOi Is a direot •xt«B8loa of the fractional Integor prograaalng 
algorltt^m. %• algorltba may bo oonolderod as a nJjcod lofeogor, 
prlaal dual foaalblo otartiof oolutlony cot aothod. It 1« 
•iailff to the fraotional alforltfai bot» in this oa<«y not all 
tbo variabloo aro roqoirod to bo intogral« The oot has tho fOn 
« a ^ k - - «iro * j . \ ^-«V3^ <-*J(3)^ ^ 
*^*^ 'n^v^k *^ ^ *^ '*&oaioxy*o Slaok Variablo " asoooiatod with 
tho (kth) addod inequality. 
^ 3 * ^ 3 - f*Sr3 3 (J • o , l , . , . ,n ) 
« » j " 
Nj 




( l - t , j ) 
^ \4Z o and Zj/.Nio a 3oatiaQoua va 
if Oyj<o and <j(4)l0 B continuottfl Tar 
if f^ v^ ^ve*^^ ' j ( j )^ ' ^° oontlnmuo 
•HBT 
if 'Vj^'vo *"** *J(3)^* ^^ integer var 
Oboervo that o < f^^ < 1 and thus wi en the inequality io 
26 
addtd to the bottoa of th« lliMftr optiaal tableau, prlaaX 
iafeasibillty la Introduced, elnoe x^^^k * "^ ^ ^' ^^ ^^^^ 
be shoim that the Ooaiory nisied Intager cut la Implied by the 
eooroe row and Integrality reqnireraaats* and that i t has proper tiea 
which gtiarantea a finite algorHlai, 
2.^.5 fiflPflgr'B ftTMttflBft^ fItlBfl ftttfttT AUwritla : ^^ i^  aUori^m 
mey be desoribed by the foil ving eeqoenoe of stepe : 
S^ ep «^> Solve ttie mixed integar program aa a linear one. I^  i t 
la infeaalblet eo i s the mixed integar sroblera «• terminate. If 
the optiaal solotion i s integer in tlie integer oongtrained 
Tariablest the mixed integer program i s eolyed - terminate, 
Otlier«lee« go ^ step II. 
i^ tep II- P^ eem a row corresponding to an integer constrained 
variable which does not have mn in-egaal valuei derive a new 
inequality constraint which " cots off ** the current optimal 
point but doee not elamlnate mny mixed integer solution. Add 
the new inequality to the bottom of the simplex tableau whioh 
tien exhibits primal infeasibility. (The slack variable assooiated 
with the new row will be negative.) Oo to step i n . 
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gfai^  IXlr Htoptlnlst asiac tti« doal (Uzioogr&phio) glmpUx 
method. If the new linear pregvaa la Infeasible (the dttal will be 
atiboanaed)t the raixed integer problea has oo solution- terainate. 
If the new optinal eolation is integer in the integer oonstrained 
variablesf the mixed integer program ie soWed - terminate. 
Otherwise* go to step It. 
?he sXaok of the cut constraint i s not required to be Integer. 
Othsrwisst the mixed-integer algorithm prooeeds exactly as doee 
the fraotional algnrithm. 
Maximise 5xj^  • 2x' g • x^ 
Sttbjeot to 2x^ • 2x2 i 9 
3x^ • X2 i Xi 




-5xj^ - 2x2 - Xp 
to-2xj^ - 2x2 > -9 
Xp 9 x^ Integer 
With non-^uigatiirs slack x^ and x^, tbe linear optimal 























(xi»l3/4, X2»3/4, Xo" " i ^ 
Linear Optlaal tableau 
a^Q- 13/4 / . fj^ Q- l3 /4-[ l3 /3>l-
aj^^-l/Z / . gj^j^- mj^ j^ - 1/2 
• 1 2 - - V 4 
•*• 812' 
X5 -1/4 -1/2 (-1/X2, 
'3 /4 ' • " 12 
Pivot oolttmn Ml^otlon; 
3/2 1/4 
»in if in 
j-l/2 I j - V 4 | / 
Oa Pivoting «• obtain toblaan 2 
l^laaa-Z-



































































































«ii - ~ ••. gxr • i i • 5 
Pivot oolomn eeleotlon 
Win r o 
1-2/51 1-3/51 
{x^ • 3 , JC2 " ^ / 2 , x^ " 18) 
Optimal mixed integf r eolation 
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The Ineqaalltles Zc and Zg In terme of x^ and Xg are 
Xp. « 18 - 5x, - 2x5 2 0 o^ 5x, + 2xp 2 1-8 
3Cr: « 3 - X, 2 O or 3Cl < 3 
JX^+'X^.^ 
LP" 
> : ^ . 
H T 
.Flp,ure_2^ 2-' A graph of the Numerical Example 2.3.5 showins 
solutions, ' constraints, and cut constraints. 
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2.5*7 Qo^ flgy*? ^ i lht«*ar Oii> : Tb« ottttlng plane algortfehs) 
for an all intagar prograi «aa tevalopad tqr Ralph OOBOX^  In 
1960. Ita alailarlty to tlia dpaotlonal sathod la prlnoipally 
doa to tha otlllaatlon of ttia laxloographlo dnal aiqplax aattaod 
and to ttaa maiatanaaoa of Imxioogcmphio poaltii^ ooXunn In tfaa 
tablaao* i«««ver, tba baaio ivproaoh la dlffarant f)roa toa 
fraotlonal taobnlqoa, Tbara la no optlalaatlon, ganaratlng of a 
oonatralntt raoptlalsatlon, ato. Kattaw Inaqoalltlaa ara ganezatad 
at aaoh Iteration atar^lng wltb ^ a vary fir at. rurtharmora eaob 
of thaaa oonatralnte la oaad aa pivot ro«» and la csona'-rootad 
ao that It haa Integral ooefflolante and t* a pivot la - I . Tfaa 
Initial tableau la aaaoaed to be all Integer and lexioographlo 
dual faaalhla. H«ieet aoooeeelTo tableaux are alao all Integer 
and lexioographlo dual feaalbla. The prlaal Integer aolutlon 
prooeeda toaarda feaaibllltrt «nd alaoe dual feasibility la 
salntalned* op^laallty la reaobad when It la attained. 
Bote tbat the nethod la a dlreot extenalon of the olaaaleal 
dual alaplax algorltha. The eaaentlal difference la that the 
pivot row In the all Integer algorithm le generated at eaoh 
Iteration and enaorea a -1 pivot. Slnoe tbe teohnlgoe eaploya 
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ttm Aaal slapUx atthod and nalntuia all iatcscr tabUaiix» i t 
10 r«fcrrad to M "Anal all^latager ". Tim oat has tha fiova : 
3-X • - l ~ !• J^ . l-r- I K-(i)>i 0 
frtia-a X* la a noa«>aas* l^va Ooaovy alaek variablo and X la 1 
poaltlva naiAiar tmuid Iqr tba mUa balow : 
2.5.B 3t»a Rilti f^tf flaaiM 3b: 
t^fi^  I , with • aa tba ganaratlng vowt lat o^ ba tbe las l -
oographioally n a i l a at oolotti aeiong thoaa hanrlng a^. < 0 
^%»x^ 2. Lat U » 1, and for arary j ^ 1 (J 9^  p) «lth «^ 4 < 0 
lat U. ba tba largaat intager aaoh tbat 
1 
£118 5« Tor aadb a^^ < 0 (j 2 ^)» "^ ^ ^j * " Sj^^J* ^ ^ ^^^ 
Xj la not naoaafiarlly an Intagar. 
.SISB ^ . ^ t ^ " maKloHiB X^, Bbta tbat ^ 2 X^ * " S p ^ S ^ ^ * 
alaoa UL • 1 and « a ^ la a pealtlva Intagar. 
< T ^ ' J ' •» 
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?h« raU« fbr flnaios X« and h«iioe %iiB oat, may M«a 
•oiavhat ooaplloatad. I^owaver, «• can show that Inaqnallty (ont) 
baa tha pvepartlaa daaerlbad pravloualy. Xh partloulw, nota 
that [ a ^ A ] < o or tha ganeratad row ia a legltiaata pi^ t 
row. Also ohsarva that tha pirot aleaia&t C«VpA ] « -It ainoa 
X ^  X^ • ""Sp* •^>^^^*'BA^^» «• atall prora that if row • 
oorraipoadB to tha firat prlaal Infaaaibla row avery flnita 
aiBibar of itaratlonat tha algoritha oonTargaa to an optlaal 
iotagar point. 
2.5.Q Akscitt i : 
2|fB X» Start with an all intagar aiopUx a^>leaQ whieh oontaiaa 
a lazioogn^hio dual faaaiblat aoXntion. Go to atap IX. 
gififf II- Salaot a priaal infaaaibla row • ( i . a . a^ < o, r ^ 9), 
If Dona aziatt tha tablaaa axhibito tha optiaal intagar aolotion 
-taminata. Go to atap n i . 
^Igj^III- fiaaignata tha pivot ooloan a^ (p • l t . . . fn ) to ba tha 
laxioographioally aaallaot asoag thoaa hairing Oy^  < o. If aona 
axiat ( i .a . ^4 2 ^ ^^^ J * l i . . . t n)t thara la no intagar 
faaeibU aoliitloa-tarainata. do to atap If. 
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Sf«i^  IV- D«rlv« an all lnt«g«r Inequality ttosi rovy v wbloh 
i s not oatlsfiad at tha ctirrent prlaal aolatloa. (Xta tlaok 
«U1 ba nagatlva) It muat also hart a «1 ooafficlent in ooloan a .^ 
Adjoint i t to t ^ bottoa of tba tableao and le^el i t tba pi¥«t 
rov* Parfiom « dual mia^l*^ pivot oparation and retnrn to Stop II. 
2.9.10 fluuRlftlUSaiBli : S®!'* «»»• ^olla«ln« in^ctar prograa 
by all intaiar algoritla 
Miolaisa x^* x^ " \ 
nutbjeot to 4X]>'^ I0K2 t ^ 
*1* ^ ^ ^ Intagar 
Changin| tha pvobl«i into saxiniasatlon 
Maxiaiia • x^ • Xg " ^ 
ffobjaot to -4x^ -IQXj 1 * ^ 
-lOxj- ixg i - 12 
' l* ^2 ^ *^ intagar 























-4 X •nax X j • 10 
Hit dtrived intqnalitar ! • 
-12 -10 -4 
©r Xj • -2 • ( - ! ) (-Kj^ ) • (-1) (-Bg) i 0 




























Ocj^-2, atg-o, X * - -€ ) 




x^  -I -1 (5) 6^ 
lti« derived iotquality Is 
7 «6- C=f-3 • r ~ ] (••jH [—3 (^) 2 
or x^ - -I • (-1) (-flcj) • (-1) (-9^) I 0 



































(x^ = -2 with x^ = Xg = 1) 
or 
(jL^ = 2 with x^ = Xg = 1 ) 
•11 Integer optimal solution 
The derived inequalities x^, Xg 2 o ^ terms of x, and Xp are 
x^ « -8 + x^ + Xg > 0 
Xg = -3 + xj^  +2x2 - ^ 
(1st C-i) 
->^/ 
/ 2 J 
Fiaure_2^- A graph of the Numerical Example 2.3.9 showing 
solutions, constraints,and cut constraints. 
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lb «hov that tli« algorltte ! • finite «e anetai* tbat x^ » 
th« obj«otly« ftootion i» b^ ondad b«lo«. ?btn, as in tte 
proof of i ^ f^ raotlonaX aigorltfaa, «o suppoeo that tho prooooo 
i s not finits and ^ppoal to ths IsxioograprUo dsorsasii« aatoro 
of ths o ooltBUH to obtain a oontradiotion. 
If ths alftoritha i s not finits th«re ssiiAs an infinits 
ooqooaos of tablsanz indsxsd bgr k, in shioh ths o ooloBn is 
dscreaslng IsxioographioaXly. That i s 
k ^ k*l ^ kt2 
0 0 0 
As oaoh eoBponsnt of a^  i s intogsr «« bars a^ »^ i t s 
first oo^^nsntt dsorsasing by iatss«r oootuitB. %QS» to 
rsaain at>ovs i t s lover bound i t oust svsntually rsaain fiaisd. 
Than, for ths o ooloan to oontinus deorsa<>ing laxicographioally, 
aj^ Q. i t s iioond oomponsnt* noot dsorsass. Ws show that it aost 
STsnt&ally rseaain fixsd at a non-osgativs intsgsr. For mpposo 
a|^ Q falls bslow o; than nov 1 bsooass an sllgibls sonros ro*. 
If i t i s sslaotsd to geasrats ths out, ths pivot row i s 
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X J-l X •'^ 3) 
«b«rt C ^ A 3 < 0. If t^^ (J«lt•••#&) la aon«o«g«tltit» tli* 
iiit«s»r progrM !• liif«Mlbl«. OtIitrwiM then i t aa lBd«z p 
moh that i^^ p < o. Sino* X i t ohoMa ID that tba pivot 
[aj^ pA 1 " • ! aftar pivoting* «o bavo a^dsoraaaing, «hloh la a 
oontradlotion. (Thla foUoaa baoanno Ite new vaXoa a^ • a^ ^^  
•op [•lO'^ f^ •ep > 0 and L*ioA ] < o.) THOB, OJ^Q muat 
•fontoally raaala fixad at a iion««e£atim lnt:egar. Tba «erd«-fiir* 
word argnaant oan noo bo ropaatad for ajQ. ^^t la* alnoa a^ Q^ la 
flzadt a^ o a^ beundad talow by e* and tharafo?e It alao oaat 
avtntoalljr rawiln oonatant. Slia aorgittafif la rapi^ atad toir all 
liidioaa 1 ( 1 " I f . t vHi). 
Obaorto tbat tha proof ai^ poaad that tha flrat allglbla 
aooroa row will avantually ba aalaotad to ganarata tba eat. 
Hanoa* any aoaroa row aalaetlon mla that baa thla prewarty 
will an^port a fInlta algorltba« 
Tha all lotagar out la 
4U 
«h«r« «h« •oorot row is 
X* Is a noB-mgaUvit intcfsr varial>U. ^ n ftb« all Xstiger 
oat was obtainad by aaUoting X > 1. sinoe C2.1) la tna 
fbr any pofitl'va X« «a aay tako X • 1, lien, l/^ * I, and oalag 
(2,2), •qoaliesr (2.1) baooaaa 
last equality is Oosory fraotioaal est. 
Maoh of tha rssesrch on intagsr prograoraing algorittiss 
has oonosatratsd on dual algorithas. rbs inport^nos of prteal 
algoritfaei has bssn strssssdt bat until reosntly oniy vezy 
rudlsMntiiry priaal algoritbaa sars available, Tha prooedoxe 
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r«qnir«B an mXl iatsser pttnaX f«a«ibl« initial tfidblaan. 
It adds Gottcny oat at aaeb itaratiOB, atartiog with ttm vavy 
flratt 80 aa to aaintain an all Intagar taibleao and prlaal 
faaaibility, fli«a dual faaaibility la reaohad tba tablaan la 
integar aptloal and ttaa lotagar prog am i t solvad. A« tba 
algoritba oaaa Oooory all intagar eota i t Q&R not eol'va a 
mlxad intagar prograa. 
?ba "Biraot Algoritba **t a prlaal taonniqaat aaa fixat 
daaoribad bj Ban-Xaraal and Charaaa [l962]. h^at algeritiM, 
hevavort fi^qoastly ragtsiTad tba a:^ l^otloin of a aoaatioMa dif fiooli 
intagar prograamiog ** auxiliary pr6blaa **• ^lohard P.Toung ^965] 
propoaad a diffcront prlaal algorithm, lobaled ttaa *ftodlaaBtary 
iTlaal Algoritlia'*t irbiob avoidad tha anxili<ns7 probl«i« ii»««Tar» 
tba tacbniqoa aae aoaewhat ootoplioatad and dlf^loult to 
isiplamant. Trad Olovar Q.967] i)rorj08ed a paaudo prlaal<4iial 
algorltbai atdoh Qt;ilisa8 Octsory'a dual all iategar aatbod D>^'] 
vitb a variation of Toang*a prinaX, oil integer techniqat Q.965]. 
u^ibaequently^ OXcnrer [1968] and Young [i960] drawing from th^lr 
and aaoh ot^wrs woxlCt devolopad eiapliflad prl-^al intagir 
prograsr i^ag algoritbaa, Tba oontanto of tbaaa pwpmpg ara 
42 
•SQcntiallj built on th« •••• foiiadatloiis and, la faot oftan 
OTarlap. Tbara «ra» htwairart aosM dlffaraneaa batwaaa tha 
•athodp* ftiT ooa thing, tbay do net a^ploy tha oaaa algorltha 
atratagiaat tablaaa tornat, and notation. A aora iaportant 
di^aranoa ia in liia naa of a ** raforeaea aqtmtlon ** introdooed 
to find tba pivot oolmn and in tha rulaa ahioh aalaot tha 
aouraa vo« froa ahioh tba Ooaocy out or pivot row ia ganaratod. 
Although both papara praaont tha ganazttl naoaasazy f^opartiaa 
of tha rafarenea row and tha aouroa row aolootion rola. Young» 
tor aaao of axpoaitlon and laplaaantation, ootlinaa an algoritba 
aboot a partioular rafaranoa row and oovca row aalaetloa 
eritarion. Glovar, on tha othar hand* doaa not apaoialiaa tteaa* 
thna oraatiag a aora ganaral approaoh. Tha alaplifiad algoritha, 
ontlinad by Yonng ia than trantad — « iipaeiaX oaaa. 
2.9.1 Tin PafltienHrT ?rfaal Atwrtltei : 
SJtUL '*" Start with a prlaal faaaibla al l intagar tahlaan. If 
aooh a tablaao can not ba found tha iatogar program ia infaaaibla« 
taominata. Oo to atap II. 
Stft| II- ?ind tha pivot ooloaa indaxad by p taaing 
a^  - winiaoB m^. ( 3 ^ 1 ) 
*ai < • 
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If it^ 4 i2: o (j » lt. .«9 B)t tlM i»bl«ai2 l8 ia^egtr optlaal — 
ttniaat*. Oo to gfltp IIZ. 
^t^^ III- Find th« rov iadvawA bQf • BtUlziog 
Arbitrarily br«alc t i t s . If a^ p 1 o ( 1 • I « . . . , ami), the 
iiit«g«r progrvi baa an anbouBdad •olutioa — terainata. Oo to 
•tap If. 
2liB.IV- Trm a row 1 vltli <^ ip > o ^utt aatlaflaa b^/*ipli^^t 
ganarata a Ooaoisr all into^r ont. Sat tht pcraaotar X in tha 
oBt aqoal to m^9 lat tba darlTod row ba tia plTot row. Panfom 
a priaal alaplaz pivot ot«p (ttao pivot alaneni la &ip/«ip]"l) 
and ratum to stop II. 
2.5.2 
HutJaisa z^ • Bj " 31^  
SiA>jaot to 2zj^  SL 7 
*l $ ^ Z 9t iBtagor 
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with non-<»gAtlv« sUOc varl«bU» n^ uA x^ m hav« tabltan I. 
A« • ! a - I , tbtat 10 t l«. How az%>ltrarlly ohooclog ooluaa 2 
l0 ttm plirot oolODUi. Tb« x^ row geaer«t«0 th« oot IIBM 
alnlaM 
row Is OMA M pivot row, and af%«r a pivot ifo obtain tabIo«a 2 
Tbo ooapatatloBs oro then ropeatod. It roqolrot out aoro oat S2 
to flnleli the problea. ^ appears in t^leatac 2 and 9. T^ 
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^«l - X 2 « o ) 
p " I 
X - 2 
•0 «« < -t-l , oeltnn 2 ! • pivot ooloan. 3U i s •ouro* row olnoo 
7/2 i s 6fa« ooljr positiTo ratio. 
^iblosa-5 
1 
o 6 2 
J— ^«l • «2 " 5» *0 • ^^  
X, 3 1 o 
frlasl All Zntagsr Solotloa 
Xjj 5 i 1 
X. X -2 o 
x^ o 0 • ! 
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Writing the added i nequa l i t i e s in terms of x-^ and Xg, the 
o r i g i n a l non-"basic variablee» y i e l d s : 
S, « 0 + X, - X9 2 O O^ 3C, - Xp 2 O 
^1 ^2 
Sp « 3 - x^ -0;Si> 0 or 3-^1 > o or Xj^  < 3 
2^1 1 7 
S2 - 3 ' :^ i .>.o 
Figure 2,4- A graph of the Numerical Example 2.5,2 showing 
solutions, constraints, and out constraintp. 
Oheerve that tableaux 1 and 2 oorreepond to the same point. 
Btiis happened hecause the constant element in the Gomory cut 
was 0 in tableau Iv Thus, after pivoting, the zero column 
did not change. If fact, this may occur for an infinite number 
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of tabltauZf in wbiah oast t;« It?A will not oon'srgo (( 
Katbla [I97l3)* % •L»3liiat« tbo posdlbUlty of this phefiOBiaaon 
RPA Is •odifi«d and siapllfitd Primal algorithas ara da^Xopad 
tbat also gnaraataa a finita algorlthsi. 
2.9.5 TftgM't gtePlUUfl mtWt MMTitti : 
Tha eoBvavgant algoritta davalopadt antitlad tha Siaplifiad 
Sriaal Al«ori«te (SPA), ia aasaaUally tba Rodiaantaxy Algorittaa 
with tbxaa aodlfioationa. ilia first i s tha adjoining of a ^^laal 
faaaibia all intagar aquation, indaaad by ^ t wbosa coaffioieata 
aj^ jCj • Ofl»...ta) satisiy oartain prapartlen with ralation to 
tha tablaao*o ooltnns. !ba saoond i s tha saXacti >n of ttia pivot 
0 tlnant which i s aoeoaplifhad by atilisiog the coaffioiaatp 
«l^ 4. ^:m third aodifioation i s oonoamad with tha salsotion of thf 
souroa row. Thia ia usually dona by rafaraooa to tha alsa of tha 
ooafficianto in tha pivot oolnan. 
Initially Young adjoins to tha oottoa of tha tablaaa an all 
intagar oonstraint or ** refaranoa row ** whloh i s satisfiad by 
avary intagar faasible solution. ?hi8 row Indaxad by L , i s 
writtan as 
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«h«r« Xj^ ie a non-n«gAtlv« slaok variabLe. Vo agree with the 
pivot colOBH saleotion rule and to guaranteo flnltenaee, wa 
raqalra Vmt ttta ooaffioiante in refiiMnoe row •atiai:^ 
-.1) ttj < 0 •*•> *i,^  > 0 ( 3 " l f . f n ) 
aod ^ 
(II) aj^ j < o •-•> r^  < r^ C3"l,,..,n) 
ReqQiramant (I) ^nmamn that (^ aoh oolnwi indicating "^ hat a dual 
variable haa a non-^eitiva value will be conaldared aa a 
candidate for the pivot ooluna. In particular* if the tableaa 
ia not optlaal the pivot ooltaui alwi^a asciate. '^^ firet and 
aeoond raquirenanta with a^ ^ > o gufirantaea tiat 
vor each ooluan aA^ 2 ^^  ^ ^^ * tablean having a^ .^ ^ o, 
define the vector r^ » "i^ ^Li* ^ pivot coluam a in then 
eelaotad so that 
Tp < r^ for evttCT J with a^ ^^  > o . , . (2 .4) 
Ob aerve that, ainoe the ninaa identity aatrix la alwaya pre neat 
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in th« tableau, tbara oan not axlst two oolurane a^ » a^ with 
s iK k (B,k Z ^) 9^^ ^^^ ' s " ^k- ^'^^ ^^ Inaqoallt^ (2.4) 
giyta a tmlqoa plTOt ooltmn datarmination. Also, nota tbat if 
thara axists an •j.j > o (j ^ 1 ) with a^  "^  o, i;taafi r^  txistt 
and ie laxioographicalXy nasative, 
RaoalX trim tla RPA that onoa tha pivot colQnui o^ bae boan 
fotuid wa oay dotamlna 
Op - minlata ( JA ) 
a^ P>o *ip 
liant to oaintaiu prlnal feaaibility, only oonstraints whioh 
aatlwfy [»io/*ip ] 1 ®p w^ *** Aj^ P > o (i > I) oan be salaoted 
as tha ganerating row. Lot T(p) ba tha Mt of thera 'legitlaata 
aourca rows ** spaoifloally, 
?(p) - \i/^i [ ! ia ] ^ 0 a ^ > o, i»l , . . . ,«*n,Ll 
If thare ia only ona alenwnt in V(p) t;hare is no choice as 
to tha generating x*ow. However, vAmn Tix>re than one such row i s 
available we mosti to ansore oonverganoe. Invoice an *^ceptable 
source row salacticn rule ". Tioa following are acceptable rules. 
oU 
Rylf 1 - Choo8« any row in ¥(p) that •QBttres a^ ^^  £ aj^ at 
f inite intervaXa ( i . e . after a f inite noober :f tableaux), and 
which also periodioallj redooee a^ p/a^ ^ for the aoalleet i Z ^ 
•ooh that (a^pAi^p) > •i©-
I«t the eooroe row be indexed by i . Thue the pivot row ie 
(J ie the eet of indioee oorreBponding to the c:urrsnt nooibaeio 
•arlablee and J(j) io t ie jth eleoent in J ) . Then the eobeequent 
to the pivot , 
hp' " *ip *^ h^ ^ *^ ip ^^ ^ ^^ » 
(Bare denote elements after pivoting) 
Rule 2-> At finite intervale designate the row frook VCp) that 
will result in a^- > a^. as the source row. CBars denote terse 
in the next tableau.) Continue to une this rule until there are 
none that satistfy It . When tiiie occurs select any row frooi V(p) 
as the generating row. 
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§.1^ 1^  !<» Start vltli a priaal facwlble a l l Intelier tableao. If 
Buoh a tableoa oan not be foundt th« intostf^ program 1B Infeasibla 
taminatf • D«fin« a raforeaoa row, iodaxed by L, vrhloh does not 
elealnate ar^ integer feasible solutlozte and. also has the proper-
t ies (I) «4 < 0 laplies Sir. > 0 and (II) a^ ^ < o Inipliee 
r j < r Cp ia the pivot ooluEin L'ldex). Adjoin this row to the 
bottom of the t£ibleau« Oo to step 2 , 
^%^ 2 - -^ or eaoh j with a^ ^^  ¥ o define r^ » a^/a^.. Seleot 
the pivot column indexed by p so that r < v. for every 
j 2 1 »^ *J* •LJ ^ **• ^ '^ p ^ ® ^ *^ ° ^ "'^ ^ ^« defined, the 
tableau i s optimal — terminate. Oo to step 3. 
Stfq 3*- Define tbe eet of legitimate source row 
V(p) "li/o i [ J A ] i ®p» *ip > °» it*2.,...,o-^n..\ , 
^ *ip ^ 
wfaere 6- • minimum (c^ |^ o^*|,p)* Seleot a source row v f^ om V(p) 
*ip >*» 
according to an aotl>t>table souree row eelection rule. Generate 
from tb|e row an a l l integer Gomoxy out where X «> a^ , Uee this 
constraint as the pivot row. &o to step 4. 
5^ 
^ f g 4 - i^rfom a prlaal siqpUat pivot operation and roturn 
to atop 2 a 
Maxiaiaa z^ ^ "t- Xg '*' x^ " x^ 
Subjaot to -4x^ '•^ Xj *2Xj i • 
-2x^ •SXg i 5 
3Xj^  -2X2 ^ ^ ^ ^ 
2Xi -5*2 i ^ 
X|^  • X2 • x^ i 0, iategar 
In this axaapltf wo ahall uaa x^ ^^  Xg'*' x. ^ 10 Aa the I< constraint 
Tha niabar 10 uaa nelaotad by an Inapaotlon of tha ooaatralnts. 
Also, tha aonrea row will ba salaotad from V(p) through loiHtaat 
aaqoanoa of praaaading tablaaux. .Uas are brokan •ztolt'-arily. 
With nonH3agativa slaak Tariablaa x^, x^, x^ and Xy aa heera tht 

















































































































P - I . 9p -
V(p) - 4 
X - 2 
P • 2 , Oj^  -
V(p) • 3 















































































































p - X, ep - 3/2 
V(p) - f 3 ) 
X - 4 
p « a , 0p - 4/5 
V(p) - { 2 ) 

























Cot-* Si -I 















































p - 3 , 0p - 1/2 
V(p) -(3) 
X - 2 
p - 1, Op - l A 
Vtp) - {1,2} 
X • 2 
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Observe that at tableau 6 «• arbltsarllj selected second row 
( i . e . the ZR equation) as the generatiag row. lien at tableau 7 
row I appears in V(p) (and row 2 does not) m it ie seleoted 


























































P • 4f Op - l/^ 





















































(Xi^-3, x^-2 , x^-o, Xp«5) 
Ihteger optimal solutJUn 
Th« oonstraintt Xj.* ^l» '^ 2» ^ » ^i* ^5» 6^» ^"^ ^7 ^ *^*'" 
of 3C]^ * X2 ° ^ *3 ^"^ • 
*L • x^ •* X2 • Xj < 10 
S^ • 0 • XJL +3X2 i 0 or Sj^  • 3*2 - Xj^  > o 
^2 - o ••• Sj^ -acg i 0 or S2 - 3x2-«j^ -9C2 ^ « 
or Sg " 2x2" Xj^  i o 
S3 « I •• X2 - x^ > 0 
s ^ - t - x g ^ o or X 2 i 2 
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Sg - I • x^ - 2X2 i 0 
S ^ " 3 - X j ^ - X 3 ^ 0 
2,3.6 Flnifn«a« : 7h« strategy^ of flnltenese proof la slnplo 
tindor th« follpwlng roloa : 
gg^§ I* ChooM any row in V(p) that onaorva a^  i a.^ at 
finlta Intarvalo and also perlodloaLIy reduoea ^i^^/aj^ for tha 
aaallaat 1 2 ^^  •ooh that »ip/*Lp ^ •to« 
g^\f 2- At flnita intarvala daaignata tha row £rom V(p) that 
will reanlt in m^^ > a aa tba aooroa row. Continua to uea 
tbia rala until thara ara nona that aatiafy it . Whan thia oconrat 
aalaot aay i froa V(p) aa tha ganarating row. 
RqI§,J- In addition to tha rafaranoa row tika aquation 
n 
wbara - a _ ia a non-^eitiva lower hound for l a^ a x^, ia 
addad to tha initial tableau. Than Rule !$ ia toa aama rule 1 
axcapt that a^^ < aj^ ia raplaoad by -a^ < A ^ and tha 
algorithn teivinatea whan aj^ • 0 or %p/ax^ > -^/•LO-
5d 
2.5.7 ftigTir'n l^iml ^k**?^*^ : 
i ^ d Qlotrer also UMB aa auzlliazy oonstralnt in hit 
algoritbta. After obserying tbat Young*s I'-row in a legitimate 
aoxillory con8txaint» he proves that aiqr feacible eolutlon to 
the dual of the original linear prograiaming yroblem can be ueed 
as aultipliers of the eonstraints to fom an auxiliary constraint. 
Thos 01over*s amiliary oonstraint i s a surrogate constra int a^ 
positive linear combination of oonstrainte which yields a 
oonstraint that i s '* strong "in soast to be definedt eense). 
He proposes using the optiawil solution to the dual as multipliers 
of the ocnstraints t but does not imply that this i s neoesearily 
superior to using any feasible solution, ie does not propose 
changing the oonstraint periodically, as does '/oung, but 
indicates the posribllity ofdoiag so. 
The eeleotion of an inooning variable in Glover's algorithm 
in exactly the same ae in Toung's* with ^be auxiliary const. n 
in place of I^ -ront exoept that Glover does not seek out 
transition cycles. 
Selection of the oonstraint to be used for generating a< out 
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oonstraint la the saiM as that of Young •xoept that th« previotis 
Iteration Is not consld«r«A. (Clover breaks aqy t ies by ohooslng 
the iteration which results In the tnaxlaum sum of tiie negative 
a^4 in the next tableau. In any resulting t i e s the itemtion 03 
with smallest index i s ofaosen. Although the latter procedure 
i s heuristlo in nature, i t does ensure conversance, proof of 
which Is given in Glover*8 pa^tit [i^^.^l. 
Let w he a feasible solution to the dual linear program. 
%en the constraint 
« L " »Lo *" j i^ ^Lj (-«3> ^ 0 
where a ^ • 9b and aj^ ^ • w^ , may serve as the refc-enoe 
row. ?hat i s , i t has al l the required propertiees. 
MaxlAlse ixj^ •" 6X2 • 3x5 • Xp 
Subject to x^ '^ 2x2 i, 5 
9x^ • 2x2- 4Xj i 8 
-3xj^  - 2x2+ 2x3 i I 
-5xj^  • 4x2'^  6X3 i 16 
Xj^ t Xgfl x^ 2 Of integer 
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^BtOTB givimi th« f i r s t tableau we ought to mention that Htm 
refe'^enoe row defined by the dual varii^IeB will be employed. 
However, to maintain a l l integer tableaux the constraint will 
i n i t i a l l y be cleared of fraotione, So to obtain the ^-row we 
oa i t tlie Xj integer ( j •* I t2t3) requireraentn from the program 
and then paee to I t e dual. This problem i s 
Minimise 3^^ * Qti2 * w^  "^  16«^ 
Subject to Wj ••• 9w2 - 3w» - 5w^ I 4 
2W|^  • 2W2 - 2wj • 4w^ ^ 6 
- 4W2 • awj • 6w^ 1 3 
We choose the pptimal dual feasible solut l n to determine the 
ooeffioi«it8 of the reference row. After solving the dual 
problem we get w^ « 0, wg " 39/34t w^  • o e d w^  - 43A4. 
Thmn 
8 




^ • L I » * L 2 » % * 3 ^ ^ ® » ' ^ ' ^ * ' * » * ' ' ^ ^ 9 2 
V-5 4 
•1/54(136,250,102: 
iienot, tta« L oonstralnt i s 
( 1 3 6 / ^ 4 ) ^ (250/^4)V^^^/54^«3 i 1000^4 
or, after BQltipljrlag tqr 17 and adfting tha notiHaisatlTa sladk 
•ariabia Xj^ , tha rafaranoa row 1? 
«I, « 50C • 68(-«,^)* l25(-«2>^ 5l(-«5) 2 o 
Adjoining ^ lio row to tba cenatralnt aat and ad Ing tha non* 
nagatlva alaok variabXaa z^, x^, x^ t and x» to aaob of tha four 
original InaquaXitlaa yialda tablaan 1 
l^ blaatt-1 
^ -«l •*2 •*3 
x^ 0 - 4 - 6 -3 
p • 3, e_ " 1/2 
BOQroa' 
row 
x^ I 1 2 o P " :»t «p 
Xg 1 J| -« 2 ^ ^  
x . 7 l 6 - $ 4 6 X » 2 
Xj, 300 68 125 5X 
X]^  0 -I 0 a 
Xg 0 a -I 0 
0 a a «1 
Cot •* S^ o -2 -I (D 
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Note that a^ i^ t a^, anA a^ ^ ar* n«gatliro, litnoe, i t It 
anii«c«f9eazy to ooaaldvr tha eoafflolants in z^ row* or to 
instrt a n«« oonttralat bataatn x^  and x^  to support tbo 
laxlcographlo ordering, finally» •• sball raleot tbo ooizroo 
row acoordin,! to a slight Tariation of Clov«»r*0 Hnle 2, 
Spaoifioallyt nbanavtr poosibiot tha logitlraa • oooroo row 
vbioh mazliBisas a^« i s picksd. iles ars brokan by selooting 
thb row whioh maximiBSS tbo SOBI of tha osgativo a^jvj ^ ^ ) A'IA 
than by sslaoting tht smallsst iadax. Ths compotations ^ppsar 
in ths ssvsn tablsaoz. 
« 0 
'4 
Cat and ^ x^ 












































p - I , 8p - I 
Vvp) - {3j 
X - I 
64 
.<;ij:io« X •> 1, a out is not added to tbe t^leac 2. Jf^ the n«zt 
tableau the e art three legltlaate eooroe rows : namely rows 2,4 
and 5. If row 2 is used then X " 6, p • i, and il^ - • -7, when 
row 4 Is pioleed, X • 8 , p - I, and S ^ " -Tt finally row 5 
yields X *• 289* p " 2t and e^r • -9. A tie exists between rows 2 
and •. Row 2 would result In Z^^ • -7t a^g " "^ ^^  "** *o3" ^ ^» 
and if row 4 is chosen, we get &^i " -7, a^^ « 8, and a^^ »17. 
As -7 > -7 -26, row 4 iv selooted. BlaiUr oonpuNations are 
performed at tableaux 4t 5 and 6. 
?ableaB-3 






















































P - 3, 
V(p) • 



















































P - if ©P • 
'^^ P) » {2,5i 
K " 5 
Cot** S- ® -e 
1/5 
Th« priaal f«a«ibl« ftolutlon exhibited In tableau 4 le eptlael. 



















































P - 2, e - 41A25 
V(p)«f2,4,5l 
X - 125 
























































p - 3 , Op • 1/6 
V(P) -{2,f^ 
X - 74 

















































»o " 27 
Xj^ -3t 3C2"**» *3 "5 
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3abl«aii 7 txblbit* th« optlaAl integer 0olatloa« X% Is worth 
acntlooliis thatt tor this preblaa, th« r«f«r«iio« row r«dae«d 
th« naibor of Iftorations, In x^arttottlor, Clovor [1968] polnto 
oat that had Xxi " ^ (-«|^ H ^*«2) '*' (*«^) been uoed with 
saao oottzoe row oeleotion rales i t woold hem taken 1? 
iterations to obtain the optiaal tableau. 
mj^m ,m pom mmm 
^ braaoti««iid«4}OiiQd mithod genoratos a aequ«ncc of 
ffObproblMi* tliat differ from oit» another only in tr.e bounds 
on irariablas. Tha solutions of the aubppobletnp are used to 
deduce timt certain soibsets of integer poln^e oould not be 
optiaal for tbe original integer prograsi, and thene subsets 
are systeaatioally eliainated froo further oonsidera^ ion. f*he 
oethod is sore eventually to generate a subpro t^lea whoss 
solution oan be deduced to be optiaal for me original integer 
progrsB. Tbe method is naoed branch and bound because i t 
proeeeds by branching and then reasoning, on the basis of 
objective fonotian bounds* ^^t so«s si4>est of t:cm poesible 
integer solutions oan not contain the optiisal point. The 
prooese of deciding t^ iat a subset of the possible solutions 
can be excluded froa farther consideration is called fathoming, 
Fathoming produces the fiaas result as would be obtained hy 
sxplicitly ennaerating all of tbe pop^ible solutions in ths 
6.9 
BulbMt Of disooTcrlng thmt noM of tbta la pptlaalt but i t 
do«8 ao without aotually oziiBiiiiiig a l l of tho points. Tor this 
romeon tho br«noh«eiid«4)otiBdl attbod i s called an liaplioit 
•nonerating ^piieeae. 
An sxpositioit or ths olaoeioal Wod and Doig snuBMration 
algorittaa (I960) and of t^^ Tariatioae shioh haTs sinos aj^sarsd 
in ths litsratore i s givsn. Ths owthod desoribsd in liatid and 
Doig |l960} was speolalissd for ttas traveling salasouui problaa 
by r i^^ tla« ^Saety* ^wisneyt and Xaral Q.%31. ' W tsmad ths 
spaoiallsed asthod as branoh and bound * shloti, as mentlonad 
in BallAski Q.9653f I" <^oo an opt daslgnation for tha I^ aad 
and Doig algoritbn. %oapsoa [19643 prasantad an aXgoritbm for 
tha intagar program,'* %a Stoppad Slaplax 'iattiod"« whioh la a 
oonaaquanoa of land and Boig's aork, A yaar later, Dakin ^96^3 
proposed a aimpla, yat intares6lng» variation of ttia -uand and 
Doig algoritba, Beala and ^aall g.9633 axtandad tha Dakin 0-96§j 
•athod to insluda tiaa linear prograaoing post optinization 
prooedoree euggeated by iStriebeek {19663. I«^t«r, lomlin ^970], 
[19713* deaoribed a refined Tareioa of t;ha Beaie and Saall 
[1965] algorithm. The Balinaki |l3653» Ballnaki and f^pielberg [l969l 
7U 
3»offirlo& and iarttan (i9723f anA lmmh$r and vtood {l%6] paptra 
ara aurray artlolaa wi^ ilehi among othar tilings« contain an 
axpoaitlon of tlia lAnd and Dolg g.960] sat bod. A ganaral 
dosQTlption of braaoh and bound soy ba foui^ in Agin ^966] 
aad» in Bolas S-'^GQ} or Mlt Can S^ TOX ^ S^ Qp^  thaoratlo 
Intarpratatlon ^paara In Bartiar and Hoy Q.%73. l^a uadarlying 
propartlen whloh (^ ^artiotarisia ai^  algorithm to be of tha braneh 
and bound t^ pa appaarad in Splalbarg |l968]» aDd aubaaquantly in 
Comlln and rplalbarg il9693t «nd Ballnakl and fiplalbarg [1969]. 
A prooedure lAiioh apaoialisae tha I'^ n^d and oig apjo^ oaoh to 
tha aaro ona oaf^ a and Inoorporatao tha aork of liriabaak 0.966] 
and alao tba algorltfaa branahing atrataglaa propoaad by 
Splalbarg [l 683 la dasorlbad in Davlat Kendrick, and 
SaltBoan 6.971]. 
Raoantly, Ooopar, liMry #. (1981] baa claeelflfad and 
dlsouoaad algorlthaa for aolutlon of nonlinaar para intagar 
progranrlAS problaea. "hir aurvay i s orgenlssed by ohoraotarlsing 
tba sat haw tleal fom of tha nonllne«ir optlals'^tion probltna 
addranaad by tha varloue algorlthgia. Xh aurveylns ^^ e papara 
tha donlnant Idaaa in una &t9 thoea of dynenie ^nattiodology 
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and braofih anA bound a»tbodtt. Gupta and A.RaiviAdraa [19653 bare 
also prceanted a maev^y of nonllnoar intager /rogram^lns algo-
rlthaa. Giqpta, Oaprakash K., Ravlndran A. (1383] have inroatUi^tod 
tha raaeibillty of applying tha branoh and bound approach to 
nonllnaar oonvax intagar progranaing probltms. toy haTo taetad 
tha oonoapta of paaodo-ooBts and eetlmatlon in Aolaotlng branching 
vnrlablaa and branching nodaa. It ia to ba i^o^d tha^ avan though 
tha branoh and booad aethod la not guaranteed to aolva nonoonvax 
problaast yat aapta, Oaprakaah K, Ravlndran A [19651 hare 
•ttooaaafully aolved several j3oneonvax probl^se ualng the 
hhHhi^ ooda. 
m thii ohaptart «a will preaaat tha talxad integer prograa 
and two claaeioal branob and bound oiethoda. Some partitioning 
algorlKhaa will alao be diaooeaed* 
Tha problaa UBdar oonaidaration la aixed intaiar 
prograa (MIP) 
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Sobjeot fco ox • dy • 8 • © . •• ( ! ) 
X • U4) lnt«b«r ••,(4) 
where A Is a by n, ^ iB n ^ (^ *t ^^ cdl ot^ ier tern* art of 
a^proprlatt S I M . 
Tht vrotors (s»7»a) aatlsflyiQg U)» ^2)» and (3) define 
tbe eet r, ?he linear prograa : Maxiaize e subject to (xty»s) 
in S, will be denoired by i.^, A point or veo-or x wltii 
(0 ^ / ^ n) or Ite eoaponentfl fixed at non-«eg«tive integer 
•alues ie labeled x , 'Him point x^  II^ F n-i not-fixed or free 
ooaponents. 'fim linecc* pro^xan i*l^ with the additional 
oonatraint than the L fixed oosponents in x^ are fixed at 
their integer valaesf ie also a linear program in the free 
X and h^e y Tariablee* and will be referred to as LP , or laore 
eiffiplyt ao the eobproblen at x . The feasible region oorre»-
/ 1 
ponding to the linear progrea IiP ie deno^ d^ by f^ 4 equiva-
lently, f^  i s the set of points (x » y,s) setlsfying U)*(2> 
and (3). Jiocioe that S^  ia an in-lHn'^l dimensional set in 
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fle^'B*'*'! qpao«» and alao tbat S® • S, Tha ep^ t^aal golutlon to 
th« (llnoar prograaBlng) sobproblra at x , vliare x i s 
defintd firoB x^ ty aattlag ona of ita frea •ariablaa Xj^  to tba 
nonnagatiTa intagar tf la danotad by a(^ t^tt). Thia Talua 
InolttAaa tba ooata of tlm >^ '^ 1 flxad variablaa In x^^. Obsarva 
that 8 ( i t^tt) la ttaa optiaal aolction to tha lloaar iiyiaipraa 
LP with tra additional conatraint X]^ "i. Finally, tba naabar 
8^(^ ••o, l f . , ta-4) v i l l ba an oppar booad for any aixad intagar 
pregrffMing aolation found froa tha point x . 
3.9 ?B6 |Rg>M^H||]ii,F^T i^roi4?y>ff : 
SnonaratiTa algorithaa ara oaually aaeiar to undaratand 
if thay ara piotorially ralatad to a traa ooapoaad of nodaa and 
branobaa* A neda oorraoponda to a point x and a branob linko tta« 
ttoda x^ with X ^ ^, abara tba lattar point ie dafinad ttom tha 
pravloua ona by ottting ona of ite n* i flrte variablaa to a 
aonnagativa intagar. Aa a fraa variable x^ oamaoally taka on 
aararal valoaa, it ia poaaibla to hava wuv branobaa aiaanating 
froo tba noda x^ . with ragard to flgitra ?.l ti a nodes niaibarad 
8,9 and 10 ara oraatad by atttin^ X|^ , a fraa Tar labia in noda 5$ 
to 3t4 and 2, rafpaotivaly* Hodas aooh as thaea t^raa wbloh 
have not as yet been used to create other nodes, or equivalently, 
which lack emanating branches are called dangling. For example 
node 5 is dangling. Also, the level number i refers to the 
number of fixed variables!,' 
^0,/,i) 
( i ,^3/d3?^) 
Z(2;/,M_) 
(>\''C 
Figure 3.1 Branch abd Bound Tree 
Suppose that x^ « 3g in the optimal solution to the sub-
problem at node 5. Then by fixing -x.^ at th© next lowest and 
Mghest integer, node 8 and 9 are created. Solving the subprobleni 
or l inear program at each node yields z(2,l,3)and 25(2,1,4). 
The larger of these two numbers, say z (2 , l ,3 ) i s an upper bound 
?d 
B^  twr Koy atxtd lnt«g«r ptogtrnmim solutit^n fotiod trovi nod* 5, 
By fixing Z]^  at 2« nod« 10 (wliloli i s to the inmodiato Uft of 
nodo 8) i s oroatod and a(2,l,2) can \>9 deterainad. Nota that 
2 if noda 8 la a^ar alialnatad trtm oonaidaration, a oay ba 
raplaoad by tha aaximtta of B ( 2 , 1 , 2 ) and e(2tl»4). If tba current 
beet ralzad intagar eolation s* ia at leaat as large aa 8(2»l,5}» 
then al l the nodes irtilob can ba traced back to node 5 can not be 
candidates tor laproved eolations to ^IP. similarlyt If 
8* 2 •(2tl«2) (a* Z B (2,lt4))t tben all nodes to the left(rlght) 
of node B may be iaplioitiy entauirated. So if the current best 
solotlon is at least as large aa both 8(2,1,2) and a(2,l ,4), 
and 8* < 8(2flt3)f node 8 alone has to be exaoined at level 3. 
h^ns «e nay say that only those nodes at which the optiaal linear 
prograaaiiing eolation exceeds «*» the corrent beat eolation 
for the MIP, ehould be eligible to create new nodea. In other 
words, these are the only onea that should be explicitly 
exaainad or reaain on the l i s t of dangling nodes, t^ hen a linear 
progratt at a node i s Infeasible, then all sabprobieae at nodee 
either to the left or right of i t are also infeasible. 
3.4 ?>IE B^sm AfPRQAtjH CLattd and Boig [i960J) 
m the «a>ove eeotlon the working of algorltba i s dieou^eed. 
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.^r ooiipl«t«iii0tt a gtasral ootllne of tim l»anA and Dolg 
prootdnrt 1« gly«ii. It i s mmaamA that eaoh ijit;eg«r variable 
la boQUdad abovt. 
Htfp minitial iaatioa) Sat a*, tKa enrrant bast aolutlon to 
tha MIF» to aoow aztltrarily aoall or pradateralnad valua. ?^ a 
Initial nodat «^ ^^ *^ ^ Tariablaa tr—t la x^ *(Z]^t...> z^). 
Solva IJ^. If i t la infaaaibla, ao la tha "IP-tarminata. If ita 
optitaal aolotion la integar in tha integar conatri^ inad Tariablaa* 
tha »IP is aolTad - teninata. Otharwiaat wet x ^ x^  and to 
to atap 2. 
.gISfi 2«(3ronohiiig) i<>oa tba optiaal linear progratsaing aolotioa 
(x, 7» a) ait x^ pick a variabla X|^  wbioli doea not aatiaiy *^ha 
intagar raqairanant . By fixing x^ ^ at ixj^ l and jx^Kl* dafiaa 
tao Bodaa froa x^  . So Ira tha aubproblam at aaoh of thaaa nodaa. 
LaSbwl dangling thma oraatad nodaa whoaa optisal linaar prograamii 
aolutlon axoaada s*. Chaok e. ch noda for an ImproTed aolotion 
to tba XXP, If ona ie foundi i t i s raoordadt and all dangling 
nodaa with a aobproblam aolaticn not axoaedln^ i t are droppad 
from tha l iat , Oo to atep 3. 
7? 
^^p 3A Mvmlxmtion ^at) If tb* ourr«ii« l i e t of daogllx^ noAas 
i s MptTt •lth«r tb« optlsal •elution to 6be :IP, 8* has t>««a 
tovBoA or no iolabloa oilsta «• taraiaata. Otiiarwlaa* go to atap 4. 
8tai^  4-(BottndiaK) Bataraiaa tba dactgllng ooda x^  ahlob baa tba 
I{.rfaat optiaal aolutloA, Braak tiaa arbltrarlljr. Suppoaa tha 
point x^ *^  dafiaaa z ' t tba aalaotad nodat oy aattlng >j^  * *^ 
(?hla aeana tha optlaal aelutslon to i^ F^  la e( / -ltk«t},) Sat 
• t an oppar bound for anar oixad intagar programing aolution 
found froB X • aqtud to tha optianl llnaar prograaning aolatlon 
aC-^  *lfktt) at x^ • Craata n noda to the Inaadlata laft or right 
of x^ ao that if anotbar dangling noda eraatad trcm x^ *"^  la 
avantoally aalaotad* a na« (not higbar) value for z^'^ leagr l>a 
fonnd, Kanof* x^ froa tha l i s t of dangling no^9<s *nd go to 
atap 2* 
l« If tba linastr progran at tba ooda oraated by fixing a not 
intagral X|^  at i t a naxt loveat intagar valuat and ^hat tba noda 
eraatad by fixing Xj^  at ita naxt higboat integer a^loa are 
both infaaaiblat thara oan not axiat a aolution to tba MIP vitb 
Xw intagar ananating fron tba noda x^ . In particular^ if tbia 
78 
occurs at level o ( i=o) the MIP has no feasible solution. 
Cxeometrically the upper "boundary of S is as in the following 
figure A z. 
/^  
>^K 
"" [^K] X ^ 1:^K>1 
Figure 3.2 
2. The upper bound z " , equal to some z(^-l,k,t) value, for 
any mixed integer programming solution found from x , is 
replaced (usually by a lower value) when it is ascertained that 
there can not exist an improved mixed integer solution emanating 
from x^. Whenever z " :< »* , node x and all points defined 
from it can not be candidates for an improved solution to the 
MIP. Hence, prior to branching from x' , the purpose of creating 
a level i node to the left or right of it is to have the immediate 
ability to revise z^" , usually downward. This is done by 
replacing z " by the maximum of the subproblem solution at the 
nodes on either side of x^. 
3. When a subproblem at level n is feasible, it produces a 
solution to the MIP. Ifence the algorithm converges, since, in 
7i^  
tb« worst oaM» all nodts of tht tT«« aro enuawratad •zplloltly* 
and tha nodas in tha lant row repraaaat al l pooaibia ooablJiatioBa 
of integara. 
4. ^ reduoa coapntatlonal affbrt It la probably vorthwnila to 
axplloitly Introdooa the inaqaality <m -^ Ay 2: ^ * * ^* wbare e 
i» a fmall poaltlva nmbar, to ecioh linaar prograa I4 . y doing 
tMa, a faaslbia linear prograa alw^e Indloata a dangling node* 
and only laprovad alxad Integer aolutlona oan be uaad. 
/ / - I 
5, tf node X la defined from x by aetting Xj^ , a free 
variable In z « to t» i t is a elvple natter ^ raediiy tbe 
/ • I 
optSsal aiaiplax itableao at node x to produoe the firet 
tablean at x . 
6« The oontlnoal hranohlng and bottndlng prooeast aoggeate the 
branoh and bound deaignatlcn fdr the algorlttam, 
3.4*2 Hyfer|.Qal Ea^ aaol^  ; i^ and and Dolg Ak.orlt^a 
Haxlolse x^  '*' 3x2 r s 
Sabjeot to 3x^ "^  Xj :i 5 
4xj^  • 4x2 i 9 
^ l * ^2 ^ ^' lii'Ksgar 
j g ^ I - ':im initial node la x^ « (x^ » Xg). Tfae optiaal linear 
so 
prograaalng solution with Boa-o»gatiT« slack variabiss x« aoA 





















2 - 6j 
Xl= 0 , '. aco - 4 
S$<B 2- As X2 must 1>s integert it is fixsd at [ 2^ J sod 
L^l ] •! to define node 2 op (Xj^,2) , end node 3 op (xj^,3). 
To solve tbs node 2 linear progpaa we ci^ y incopporate 
the constraint Xg • 2 or equivalentIj Xg 1 2 and Xg iL 2» 
into tablean 1. As 
X 2 « 2 j . «1-|«4 
«e have 
2 - * 2 - - J ' ^ * i * ; * 4 -
ThQs defining 9^ • 2-«2, and peqairtng ^ ^ o yielde Xg ^  2. 
Siailaply 
Si 
•aforo«« X2 ^  ^ * ^^'^^ ^ Z ^ laplite Xg ^  o» tb« X2 row la 
oaitttd and tablvaia I b«ocM«0 
i)ia)U«i-8(a} 
Xj^  o • ! o 
-1^ 
2 J ^ -^ 
"4 
1 


























>h« tableau 2(a) la 
dual foaalbla and prlaa 
Infeaslbl*. Pivoting on 
trie olrolad alaoMnt 
regains opt:lsallty«Betl 
tl^t It 1B oavar raal l j 
nooeasoory to azglloltly 
a^vj both tha t^ * ^ 
• ^ row. .till! la troa 
bao:.ati«a i f ona row la 
preoantyCha othar ona 0 
raadlly ba found If naa 
dad. it la ganarallj no 
na joaoary «o axplloltly 
carry llnaarly dapandan 
rowr. Alao no^a that at 
146 optimal aolgtion 
b^th ycurlablaa iL and 
•Xg :mnt fiava valoa o. 
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SiailQrljff to solve th« linear program at node 3, ^« oonttrelnt 
Z2 " 3 or Xg i 3 and Xg ^ 3 !• added to tableau I. Thie is done 
by replaoiag tbe ^2 oonetralnt with the two oonetralBte 
^ . 3 - X2 • 5/4 * *l * ? *4 ^ ^ 
and 
• 5 2 - - 3 + X2" "•''^ 4 - »i • 4 «4 i *> 
Or eqolTalently by adding I to the ^ row and • ! to the -4^ 
row in tableau 2(a). In any case we have tableau 3(a). Note 
that Xg 2 0 and *^ i, 0 goaranteee tVat X2 '^ 3. 
%eee teo Inequalltlee show that the solution is Infeaalble 
at node 3. 
g^p 5,4'» ^me node 2 Is seleoted and node 4> or (xj^,l) to the 
left of node 2 is area ted by Xg • C2I ] -1 « 1, 
i?D solve the node 4 linear prog ran «» ma^  incorporate the 
oonstraint Xg • 1 or equivalently Xg i 1 and Xg ^ 1 t iato 
teibleao l.As 
*2 " 2 | - x^ - i x^ 
Xg " l-fltg • •^/^ * »i* J" <4 > 0 
and -Sg - -l+xg - ^/4 - *i - I *4 i 0 
'3 
Or •qaiT«l«atljr« hf sob traoting I tvom thm i^ row and -1 
from tb« -g^ row in tablMtt 2(a). In angr oaM w« hav» 
tabWatt 4(a). Hote that Xj ^ o and -Sg ^ o suarantaaa 























































%• tablaaa 4(a) la 
dual ftaalbla and 
prioal lafaaaibla, 
PlTOtlng on tha 
ciroltd altoant ragal 
optimallty. 
a • 4| 
XI- 5/4 
SlBot • Is saxlaoi «t nodt 2» this note i t lab«l«a dangllnf. 
ly^ sp 2- Tbt optlaal linear progranalBg solotion at ao4« 2 tasA 
z^ • 1/4 «n& Xg * 2 (tikblMO 2b). I!hit8 by mttins z^ » 6./4>o 
•Dd X]^  • 9>A3 ^ I •* If nods 5 or (o»2. ) and nodt 6 or (1,2) 
«r« orsA%«A« 
To tolTo tbo nodo 5 liosar progran wt may inoorporata tbe 
oontraiat Xj^  » o or aqoiTalanftlly Z|^  i o and X|^  ^ o, into 
tablaan 2b. In tbio oaoa* t«o na« oonstralnto aro not nao«o«azy 
•inoa tba inaqualilor x^ ^ o is alraady in *he tablaan, fbna «a 
add thi inoQuality 
" « l " - | - ^ * ? « 4 2 0 




























































>a pivoting oirolo oiitey 
of the tabloan 5(a) 
wo get tabloau 3(b) 
8 " 6 
x ^ - o 
3^ • 2-«2 " 0 •"> ^2 • ' 
Tho solution obtained at note 3 (tableao 5b j i s the flret 
integer eolotlon and thus oonoidered to be lower boond. 
I!0 eolve linear progran at note 6 «e oa:,' incorporate the 
oonetraint z^ ^ « I or equivalently c^^  i ^ ackl X|^  ^ It Into 
tablean 2b. This ie done by repUoing the x^^ oonetraint with 
the two oonatrainte 
and 
^ • -^*1 " J - ^ * I *• ^  » 
t^ • -l*xi» -3/4 • a^  - 1/4 x^ > 0 
Or equivalently by adding -I to Xj^  row and I to -Xj^  row in 
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tabloan $(a)« Za any oasot v^« tiavv tableau 6(a)« Kota that 






























































Aftar OM pivot tablaaa 
6(a) glinta tablaaa 6(b) 
which axhlblte optiaallty 
Ulnear) 
a- 4j 
X2* 2-flt2 •3/4"«> X2"'^ /* 
or v^t 
8? 
We find that the z i s maximum at node 5 and the solution at 
th i s node i s also integer, thus this solution i s optimal and 
node 4 and node 6 are fathomed. 
Hence, the integer optimal solution i s 




( ^ ^ « / - < I, 
i.f\'r 
n 
Figure 5.5 Land and Dolg Algorithm 
88 
3.4.5 iZrt4B*i Yf^ rtoU^B 8g ttt gftilff ^prgffib: (D&kiA II9693) 
Saoh tia« in tht Land and Dole algorltbn a nda la oraatad 
and labalad dangling» Ita noabart opsiaal linear progruMlng 
aolotlon, and othar paramatora bava to ba kapt. Aa aany dangling 
nodaa are peaalblat tbla nay aean that tba taohnlqoa* wban 
ootaputar laplaaaatadt wauld Involva azoaaalva atoraga raqulra* 
aanta. To allarlata thla dlfflonlty, Dakln |l965j auggaatad tbat 
only tao nodaa ba oraatad from aaob dangling ona. If an optlaal 
Ilnaar prograoralng aolotlon baa X|^  " t» «h«re t la not Int-^ agral, 
than tba flrat noda la oraatad by Introducing tba Inaquallty 
x^ S, &] and tha aaeond Is daflnad by oonatralnlng TI^ [t3'*'l» 
aila la In oontraat to orratlng nodaa by eat ting X|^  • ft J and 
X|^  • [tj***! and tban daflnlng otbar nodaa to tha laft or rlgbt 
of tbaaa. 
•s In tba land and tblg algorltba* tha Initial noda la tba 
point x^ wltb all Tarlablaa fraa, fbm noda la labalad dangling 
If Ita Ilnaar progran la faaalbla and doea not aoWattha VIP. 
At aoy point In tba algorlttai tta dangling noda z^wlth tba 
largaat optimal Ilnaar progrannlng aolatlon la aalaotad to 
daflna two nodaa at tha naxt laral. tha aabpr^ biam at aaob of 
8bl 
tii««« nod«o Ifl solYvd. tli« Isrgest of these tm> aolatloBe Is 
s"^ , an upper bound for BDJ solution to the '^l^ found frooi x, 
A newly created node i s labeled dangling it i ts optimal linear 
prograaning aolution exoede the current best solution s* for 
the MZP. If an iaproved aixed integer solution i s found* a* is 
updated* and those dangling nodes with an optimal subproblen 
solution not exceeding i t are dropped fVoa the l i s t of dangling 
nodes. 7he procedure teminates when the l i s t of dangling nodee 
is eaptar. 1!herefOre* except for notation modirioationst the 
creation of only two nodes trota each selected one* the lakin 
variation is es^ntially the seae as the Icmd and i>oig algorism. 
?he Dakin algorithm oonvsrges» sinoe In the worst oass 
nodee could be created until the pemitted range of all integer 
Tarisibles i s reduoed to aero* in whioh caee *-lmSf must taks on 
integer values. 
5.4.4 yttwriffali ffJtfflPlt • ^^ problem i s 
iaiee Xj^  • 3X2 • • 
Subject to 3xj^ * «2 i 5 
4xj^ * 4x2 i 9 
H« *2 I 0 • integer 
3u 
Dakln** ipproaob : 
At tli« f irst note (x^t Xg) th« optlaal linear prograsalag 
•olutlon with non-nagatlT* •lacks z . and XA i s givsn in tablaaa I 
?BbUaB'l 























lods 2 i s orsatsd by introdaaing tbs insqoality X2 i ^r ^ * 2 
and nods 3 iBhy constraining X j ^ C 2 | J - * ' 1 ' * 3 . As X g i 2 
i s squivalsnt to 3 i ^ " 2 - X 2 " - f * X j ^ ' » ' r > o «s cois'senos 
the nods 2 llnsar progras with tablsao 2(a) , r ia i lar l j , sinos 
»2 <^  ' ^* **• • • • • • • Xj • -2 • Xj^  • -^/^ - xj^  - l / ^ 2 0, 
l^ hia iosqnalitar shows t^at aftsr adding i t to tablaaa I tbs 
linaor prograo at nods 3 bsoones infsasible. tVs thsn havs ths 
usual pivoting on ths circlsd sntriss at nods 2 . 
9x 
Hod* 2{s ^i9^y 






















































On pivoting clroltd 
entrifts of tabloaa 
2(a) «• g«t t«bl««a 
2(b) 
J8 • or 
1/4 
- 2 
Slnee th« •olation at note 9 ! • laf«cuilble» only nodt 2 U 
dangling. Hodo 4 i s croatod \if constraining x^ ^ ^ ir] " o , 
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nod* 3 it d«fin»d by IntroAioins tb9 In^qoalltsr z^ ^^  C | IK^ * ^« 
As x^ i o l8 •qulvaUnft to f j ^ « o - x ^ « - J - ^ * J x ^ 2 o 
no Qommonoo tlio node 4 llaoar program with tabloan 4(a). 
Siailarlj x^ > J- i» the M B M em Xj^  • -I • Xj^  "- J • i^- ;^  X4>o» 
tbo nodo 5 llAoar prograa Is solved starting with tablsau 3(a). 
Hods 4Ci 0 , Xg) 























































On pivoting oiroLed 
entr ies of tableau 
4(a) ws get tableas 
4vb) 
a • 6 
Xj^* 0 
X 2 - 2 

































































On plTotlas oiroW4 
•ntzy of t«bl«Mi 5(tt) 
«• g t t tabloaa 5Cb) 
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The so lu t ion at node 4 Is a l l in teger and thus f i r s t integer 
so lu t ion i s found and fixed as lower bound. Since the value of 
2 a t node 5 i s l e s s tha t the lower hound, node 5 i s not leheled 
dangling and thus the so lu t ion a t node 5 i s fathomed. Kode 4-
gives the improved mixed in teger solut ion i . e . z = 6, x-j^  = o and 
Xp = 2 . As no nodes are dangling i t i s optimal, The t ree r e p r e -
sent ing the computations appears in Fig,5."^Comparing the tree 
in Pig,35with t h i s one ind ica tes tha t for t h i s problem the Dakin 
v a r i a t i o n i s more e f f i c i e n t . 
1, 
I 
(U 8 ) 
I 3 j hi^-cniikU 
^=6 
Figure 3.4 Dakin 's Var ia t ion 
9d 
At tbt Ml«ot«d dangling nod«, th« optiaal llntar progra-
ming aolotlon aaoally ^8 Mrarol lnt«g«r Tarlabltfs which or* 
not integral. In th« 2«nd and Deig al^'itlBa one of thasa 
•ariablaa ia to ba fixad at tha naxt loaaat and bigtaaa^ integer 
to define two nodee. Hba qtte8ti::>n ie wbiah of thef>e veoriablaa 
ehould be pioked, Ojp to thie tiae «e have orbitrsfrily piokad the 
one with the largeet fractional oonponent. Anot:her possibility 
woQld be to round eaoh integer Tariiflble ^hat is not integral to 
the next loweet and higheat integers aolre the sobproblea at 
eaoh of t ese paira of nodee« and aeleot the variable that 
prodDoea the node with the largest optiaal linear prograaalng 
eolation, Althoogh this prooedare probably ^nda to redooe t:he 
ntmber o^ nodea which are explioitly examined, the additional 
oompatationa will alnost aorely nake i t onworttiwhile. 
lie optimal linear progranalng !^leao oan aleo be need 
to deTlae branch eeleotion rulea. • not eatiafled oonetraint 
oan be derived for e aoh integer variable that Is not integral. 
:%en, by performing one dual eimplez pivot* we may eeleot a 
variable acoording to the eiae of the deoreapie In the objective 
9D 
fimotlon. MDrt preclMlft Wippoe* th« optical eolation has 
the basic intager Tarlitelt ^ * >Hc *** ^k' ^^ ^^ ^ i^ in a 
n>n»i)ogativ« l&t«g«r and f^^ le a propar frnotlon. As ai^ifr 
x^iHjp or x^ I n j j * l , w aagr Introdooa the Inaqaallty 
to tha optlaal aispUz tableau. If Xj^  • (nj^ -^  f^ H^ ^ *kj^'^j(j)^» 
wbara tlia >j(4)'« '^'^  ^^ ottrrant non-lwalo •ariiil)la89 than 
- 'k • J <-V> f-JCi)) 
and 
.0 
«k - ( V ^ ) - ^ ^ \ ^ (-«j(j)). 
Slaoa -fi^ aoA fj^ ~l ara otgatlTaf tba x^ and ^ aqoalitgr 
Bi^ aarra as a pivot row In tbe doal aJaplax satbod. After 
one pifot on an alenent in the %^ row ('16,3.5)9 the objeotiira 
fonetion a^ ^ daoreaaee bgr "'k^So^^kq^* whara 
Sq •oj 
— — « ainiaOB " ' '" » 
or* enbeequantly to a pivot on a ooeffioi^t in the xj^ row, 
*oo ^^^^***^ ^ ^^ k"^ ^ ^Sr/*kp^» •**•"• 
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Sr Si 
— — " mlalani — - , 
•to? 3t*xj < 0 V j 
i^t as d«flii» 
than S^ P^^  ) oaa bt thoosht of as tbe ••Allest p«iialt]r for 
roondlng Xj^  down (op). Rotlo* that F^  and ^ ara aoniiasatiTa. 
As z^ moat ba intagar, tha aoa of a^ ^ and minua tha sinimiB 
of i^ and P]^  la an appar boand for aQsr mizad intagar progra-
taming aolntlon foand fron tba aalaotad nodaa. ?bua to prodaoa 
an Improvad mixad intagar aolution «a aaat \ eem 
a^ - «azla«B (.mlniaMa i s j t ^ ) ) > aS . . . (5.2) 
wliara a* la tha oorrant baat aolBlon and tha maxiaua la 
takan orar tbooa baaio Intagar varlablaa i^lch ara not Intagral. 
If (3.2) doaa not boldt tha noda ehould not ramain dangling« 
If i t la poKsibla to prodnoa a battar aolution, tba 
•ariabla with tha asallaat aeaooiatad panalty oould ba ohoaan. 
?hia branching rula will hopafally oraata a path to a * ggod" 
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mixed intcfeer oolation. Ho««v«r» whmn MT«ral a^. • o (j y o ) , 
a and a^. Is s«ro and tbare art many tlae for tha floalWat 
panaltT. 2h this oasa th« oritarlon braaks down and tha choiea 
ifi Bom« vliat arbltraxy. At tba othar axtrena* we may eelaot tha 
Tar lab le wliob glTee the large Rt penalty. The intent here le ta 
eliminate the current node trtm consideration ap qaickly as 
poesible. 
3.6 HUCTICAL COHSIDETU l^OHS IK USPTO BRIHCH AMD BOPHp 
At firet i t might seem that the branch and bound algorithm 
i s rather oumbersome* but the underlying logic ie actually quite 
simple. The preoeeding exposition examines the workings of the 
algorithm in minute derail, to clarity the rf-asoning and 
convince tto reader of i te oorreotnefls. ^noe the logic of the 
algorithm i s underetoodt thie degree of introspection i s no 
' mgsr necessaryt and the eolution process can be perforsed mooh 
more gcnickly. After a l i t t l e practice the method can be used 
to solve simall problems quite easily by handt provided the 
subproblem solutions are eaiflr to obtain. It in also etraightfonnar 
to proper an a compKter to Implement the algorithm* although some 




represent tbe braiioiUiig diogrea. 
la naoy a^iyplloatlone It sight be eatlsfaotory to etop the 
hraooh-^Ad-boond algorittaa when a eolation haa bren found that 
le not optlttal but only eufflolentl/ oloee. -^ htte. If at eoae 
atage in tite eolution prooeee the opper bound in e l lght l j higher 
than the loweet objective value (lover bound) aiiong the nodee 
that remain unfathotaed» l i t t l e further i^proven!ent can be 
obtained» and the our^nt inoumbent eolution ^night be declared 
cloeed enough to optiaal. 
&x the ezaaple problen we were able to fajhom na^y of t^e 
nodee ae tiie eolution progreeeedt eo that total naober of nodee 
«e needed to oonslder wan quite eiaall. Unfortunately, thie doee 
not alwi^e happen. Copending on the data oi' a problem, i t oan 
turn out that oany branoh-and-bound iteratlonn are perforaed 
without fathoMing aany nodea» leading to a drama tic growth in 
the nmber of eubproblene to be eolved. Ih fact, the total eoount 
of work needed to eolve an integer progron oan grow exponentially 
with the eiee of the problem (which depende on the nuaber of 
variableB and the nuafber of valuee they oan take on). !!ile 
phenomenon ie thought to be poesible no matter what algsrithm 
i U U 
1B omdi and nakes Intos*^ programming fundaaantally more 
diff icult than linaar prograuing. Although tbe behaviour of 
prohlaaa from raal c^plioationa i s nevar as bad aa i t oould bt 
in tha worst oasot tha proliferation of subproblano Impooaa 
a practical limit on tha sisa of probloMo that can ba solved 
on a ooiipater of given iaem»y oapaoitT and speed. 
Usnallyt nost of the ooaptttational work in the branoh-«nd-
bound algoritlBB i s detoted to solving the eubprobleme. 2h the 
preceeding exaiqpla «e ignored this point sijnply providing the 
solutions of the sobproblems at each slagst but tim work in 
bounding step of tbe algoritfasi i s typioally nuoh greater than 
the work involved indKiiding how to branch, in fathoming nodeSf 
and in checking for unfatbooed nodes, r.'xin i@ particularly true 
when the subproblens are nonlinear prograoning pro grass. 
Using linear progra!sining in duality rbeor7* i t i s pos<-ible 
to show tiiat at^ mixed integer prograza con be written aa an 
integer program. %ifi sngisestB solving a mized integer problen 
by solving i s equivalent integer program. .xtTever. i t i s often 
computationally impossible to obtain a l l the constraints of the 
lOi 
Integer program sinoe eaoh nquiree th« niiBerlcaX yalot of an 
•xtrana point or an axtraaa ray in a convex polyhedron, and 
ti»re are aa oaoy oonatralnta aa there are extretae points and 
extrene rays. As the polyhedron may ^ve a vast ntaber of 
extreme polnte, all the oona&ralnte can cot Udoally be Hated. 
Tto overoone this dlffloultyt J. '^. Benders [1.962] propoeed a 
teohnlqoe In which the equivalent Integer prograa Is solved after 
generating only a 8uhe«»t of Its oonatralntB. T.^ iat l8» the remai-
ning ** lapllcltly enoaerated ** oonstralntp fto not farther oons* 
train the Integer program. The ** partitioning algorltha ** sorks 
hy suooesslvely solving a linear program and an Integer pro ;raB. 
?he linear program produces an extr(?me point or an extreme raf 
and a singla constraint for the Integer progrmn. Also, the value 
of Its optimal solution gives an up )er bound for the optimal 
solution to the mixed integer program. Wiien solved• the Integer 
program, which is mixed integer program*s equivalent when it has 
all its constraints, yields a oondeoreasing lower bound. When 
the two hounds oolnoide, the optimal mixed Integer solution hae 
been found and the prooess terminates. 
Before developing the procedure, we note that: Benders* (19623 
algorltha Is applicable to a more general problem. Iti partioulmr. 
lOJ 
i t solTes an^ aathcaatioal prograa in whlob the vftriablM oan 
!>• partitioned into two aubtetsi «o that ir^a tba variabloa in 
ona ara aaaignad noaarioal valuas tha problaia reduaea to a 
linaar progrwa. A aixad intasar prosraBi» of oouraat fita thia 
deaoription and ia tha only typa of problan that wa will oonaidar, 
Savarthalaaa* an oatllna o^ tha genaral davelopeiant appaaro in 
Ziaadon Dli970j. Wa also nota that ona of the rirat to spaoiallza 
Bandar's algorithm for the alxad integer proi'^ r.m ie Balinaki 
|l96$3> 13^ &^  application of the apeoialis^ed vera Ion to the 
unoe^paoitated plant location problen nay be found in Balinaki 
and WOlfa (l963ll. A epeeial purpoea anomerativa teohniqae for 
the integer prograaa that appear daring the partitioning 
algorithm ia explained In Balaa ^9^ O], Related work ie in 
Rardin and Ctager |1973D ^^ ^ Rut ten Q.9753. 
3.7.1 Sgfflggg'a ffflrnU9l>toK <Mlggttt»t : vBender |X962j) 
Aa »e have already mentionedt the polyhedron fJ usually 
haa a vaat nuaber of extroae pointst and therefore i t ia 
virtually iaipORRlble to generate al l or the oons^ r^ainta of the 
Integer prograDi aa given below : 
•Qbjeot to 1 2 » • «^ *^»-Ax) Cp-l,..•»?) 
©2 • • ( b - i x ) (ip-l»...,s) 
MA s 2 9 f^ Integer 
Ho«*v»r» i t s derlvAtloA rnggtets «. proo«4Bre for lolTliig th« 
alcea Intvser prograM. Vote tb»« for a fl3i»A noB-oogatlvo 
integtr vootor x w oan •olvo tb« lloaar progran PL. im 
this problaa la aora raatrietad than ttia nizad Intagar prograai, 
tba vttliia af ita amxiaml aalntion »haa addad to ox im an nppar 
beonA OB ttia optlaal aoltttion to tha aizad intagar prograa. ^  If 
tha problaa DL ! «a an unbeitfidad aolotion, Ite valua ean ba 
thought of aa inflnita)* ftortbaraorat problas PL. «ban aolradi 
ravoAla an axtraaa point of 17 or tha dlreotlon of ona of Ita 
•xtraoa resra, and thaa aa laaqtmlltj tor tha Intahar prograa X, 
Soppoaa tha Intagar prograa la aolrad with thla ooa oonatralnt. 
Ita optlaal aoltttion la a loaar bound on tbe boat aolution to 
tha alzad intagar prograa. Alao, i t ylalda a non-nagativa intagar 
•aotor X for problaa DLf lAloh, whan aoWadt prodiioaa a na« 
aztraaa point or raj dlraotlon ana thaa a aaoond Inaqttalltr for 
tba Intagar problaa. Tba Intagar prograa* now with two oonatrainti 
il)'* 
Is solytd ana an at«l«Mt-«««ilood lower bound and non««agatlTa 
Inttgar wotor z It fooad. With tba ami valoo lOr z» tha 
linear pvograti TH* oan egalA ba aolfadi and so forth. The 
prooees tanUoataa whan the lower hotnd equal0 the apper bound. 
To find the optiaal f Teetort prahlaa X. i s solved with x 
equal to i ts optiaal Talus. The prooedurs is outlined bslew: 
gfsiy 1«- (Initialisation) Ssleot a non-oegativs integer value 
for the vector z » sa/ z, aM set s (s ) arbitrarily large 
(saall). Go to step 2. 
g^ S'* 2* (liinear JE e^graaiing fhess) Bo lire the linear progran 
DL aaKiaias n(b • Az) 
sttbjeot to u e U ' l t t ^ o i u D ^ d l t 
with z fized at z. itiis yields an optiaal eztrene point u^  
or eztreae ray direotion •", In the extreme point situation. 
Replace the Yalue of s^ by oz '•- o^ ( s- Az) whenever 
8** > ez • d^  (b- Az). Oo to step 3. 
,g l^S 5«> (Ihteger Prograncing Hiass) Solve tiie integer progrn 
Z ainiaise s 
subject to B i: oz •i^lb^Az) Cp-l».,.tP^) 
0 2 V* (b- Az) (s-l, . . . ,s'^) 
and 3c 2 o and integer 
l O o 
I / 
wh«r« P (S^ ) I0 th« mnibtr of •xtrems points UxtreM r«ars) 
found fron Stop 2. Sot o^ oqual to tbo slnliaia valoo of e and 
£ oqual to tho optiiaal % vootor. Oo to stop 4. 
g^^ 4* C^miiiotion tost) If %^ < s^ 't go to stop 2. Othorwiso 
(s " 8*)» z Is optical, ZQ this oasot solvo pvoblom L 
aialniso dy 
Scibjoot to Dy 1, b «> Ax 
and 7 ^ 0 
to obtain tbo optimal y Tootor yt Tbon z " x, y « y, and 
• " B° MoCx -» df solvos tbo alxod Intogor prograo-^or^tlnato. 
3.7.2 toBwrlltg gr tftt yagtlllffnte AlTOy)iiia : 
1. Ih tho nsxt sootion, so show ^lat Dnloss tho optlisal nlxod 
Intogor solution Is toand» 
(I) an optimal oolotlon to tbo Intogor prograa In Stop 5 aover 
repoats Itfolf, 
(II) each tlsis tho llnsar progran DIJ IB Stop 2 is solvod* a 
now oxtrosM point (or oxtreoo ri^) of U le gonoratsd. 
2. Unloss tho bottfldlng InoQoallty s ^ s'^  Is oxplloltly 
Introdttood to each Intogor prograM* all gonoratod non-rodundant 
lOo 
* 8 IntqoAlltldt * !»•• to 1>« ktpt, la particalart an Intqtutlltj 
% ^ ox * vP (b* Ax) oaa not be dropped froca the Integer precrM 
in Step 7 i^ Ite elaok variable la positive In an optlaal Integer 
progroBBlng eolation. Thle followst elnoe an inequality say hove 
elialnated Integer points wbioh oorreepond to lower Talue of s. 
ThQSt if such an inequality is dropi)ed» opticiel solutions to 
subsequent integer prograns oould yield eoroe lower boonde and 
thus the algoritte may not converge. 
5. Bvery time an integer veotor x yieldr. an optlaal vr^oter u 
for problem BL, a mixed integer solution» and thus an ui^er 
bound for the minimal mixed integer 8olntion» is found. There-
fore* if oomputer time or storage beoomes exoessivst oompo* 
tatlons oan be stopped and the current best solution s^ sen 
be uesd. Hotloe that ii is at most s^ - s^ away from the 
true optionm. 
4. The partitioning aspeot of t^ algoritfam preeervee the 
strniAmrm of ttie matrix P in the linear program J^* and henoe 
in its dual problsm Di>. ihttSt i'or example, if D ie a transpor-
tation type oonstralnt matrix, then every ooourrenoe of problem 
DL Involves the dual of a transportatim problem. 
10 
5. Th« ooapittational •ffloUfley of ttm algorlfehai d«p«nda 
prinoiiAllj on th« nuA«r of «xtroa» points and oxtroao rays 
that \i&r9 to be fomA, If this nusbor ic roli.tivtly large, tbe 
approaob will not t»e effieienfe. 
6. TNi pertitloniog algoritta has a eottlng plane fla^ror. Xn 
partieular, eaoh time an Inoreaeed lower bound i s obtained froa 
tbe Integer prograB, the aoet reoenti/ added z inequality oate 
off tbe prVYioue ep'^ lmal Integer eolation, 
3.7.5 ABPltertifffl 91 tNl ?Wia4flntM ^liBQgA^IO ttig 
ftWtH?f^4mtfl y^^t ^9ftU9ffi ?aroVaai : d^alinekl g965]) 
Balineki and iolf* (1969) preeented a paper ** On Bendere 
Deeootpoeitlon and a Plant Location FrobieB**, The epeoial etruotare 
of the ttBoapaoitated plant location problem peroite ue to obtain, 
Tory elaply, tbe optiaal solotione to tbe linear prograaa !• and 
Dh that appear during Bender's partitioning algoritte. The 
onoapaoitated plant location problea (A slightly different vereion 
of the unoapaoitated plant looation problea i s dieouesed in 
Balineki and Wolfe [l963j ) U 
a a n 
nininiae I T.XM -*• I t ^4 4 Jt* i - l ^ ^ i - l J-l ^ ^ 3 
snbjeot to n 
' * i * i * \^ i3^* ii"lt...ta) 
1Q6 
a 
y^j > 0 ^or a l l 1»3 
and X|^  • o or I ( l » l , . , , , m) 
«li«rt f^  i s A mixta 0006 AMOoiattd with plant i , s^ i« l (o) 
i f plant i i s opan (oloaaA)* Oj^* ia a nDa-«eeativa shipping 
oo«t» y | j i e tha Araotion of ouato«ar*a j demand aatiafiad by 
plant i , n|^  i s tht niaiber of ottotoaara that oan t>a aatinfiad 
by plant i (which for aana of axpoaition will ba takan as n>» 
and thara art a plants and n oostoasrs. 
Notiot that for a fizad saro^ona vactor x, problaa SI 
radnoas to thm llnaar problan i<. Its dual i s problaa DL. 
• n 
L niniaisa ^ ^ 0.. y,^ 
i - l j«l 3^ 13 
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How oonsidar th$ ootsfx poljh«droa 
and a|^  ^ o for 1 •> l f . » • 
It in Ittftoptndo&t of z AM luko P OKtroao points (S axtront 
ray dlreotlon), oaoh bavins ooapontnte (Qj^ t • j ) U a | , rf)) . 
By analysing «• haro %tmt tbs mlzod Intogor problsa jEl Is 
•qulvalsnt to the Integor pro^ 'xam 
Z alnlolso s 
s n a 
Subject to B 2 £ f^ x^* I T?« i^  n4X|ii?,(pPl,.,,,P) 
3«l 3 i«x 1 1 1 
and X|^ " 0 or I (1*1,...,«) 
Rensnbor that tho sooond sot or sxtroso ray Inoqualltlos art 
nacsfieaxT' and sufflolont conditions on z to adrslt feasiblo 
solBtlons 9"(y|^i) o^ probIsM L and thus problsoi PI. HowsrsTta 
oarofol axaalaatlon of t hs linear pr^praa L shows that for aaj 
8«rO'-oos wsotor x* axoopt z<*Ot t^isrt Is a fcoslhlv solution y. 
That Is If atloast ont plant Is open, all tho costoaors can bt 
serrlced. Thoe, the ray Inequalltlss oan be drop )sd so long 
AS X 9^  0 Is onforood. 
AB in braaoh and bonaA, Maroh «IgorltbB8 •it^iar «xpIioltlj 
or iaplioitljr •ataMra^ all poseibU In^agtr t«ctorp. "^ Lltt-
ratttra davetad to aaaroii technlqnae la oonflnad prinoifllj to 
tba aaxo-ona intasar prograa and» in aoaa iaataocat to tba aaro-* 
ona alxad Ifttagar prograa. Hanar Incasoi^  prograisnlog problaaa 
that arlea in praotioal sattlnga hava tha nrpaolal propartgr 
that aoaa or all of tbair variablao sof^ reatriotad to takt on 
only tha valuaa a or I . Sooh varlablaa ara callad o-»l varUtolaa 
or biaarsr varlablaat and thay oftaa arlaa naturally In tha 
foraulatlon of problaaa that involva yaa or no daclaiona. If 
an latasar prograaoing problaa baa only o-l Tarlablaaf tba 
boondiag atap in tha braooh and bound algorltha oan ba aiaplifiad 
oonaidarably, Baoaoaa aoat of tha aozic of tiie braooh and bouMi 
algoritha ia In tha booadlng atapt tbla eiapllfication can 
aaka tha algoritlia Tery aooh faatar. 
An anaaarati^ prooadnra onlUca branch alid bonnd algoritha 
introdooad by X^ and and Doig {I960], ««« firet propoaad br 
i l l 
Bgen Balas {19653. Tfa« t«ehiilQM» vUrvt to a« tli« *liddiUv« 
•Igoritte "• !• d«8orib«d mv full/ by fialas [l96$]. l i l s 
work waa •laboratod on bj Olovar il9693, and latar by l^mln 
and Splalbarg 0.967] • i'iaaar psogtrnmiagt aUsant In aaarUtr 
•aar^ alsorltbaat was ooaptttor l«plMtad by Oaof arlon ^969] 
and by Slakln and Spialbarg (l968j. Papara whloh daecrlba 
lapllolt anoBMratioa taatt lnoIiidt« tha Ilneer profrandng 
paat optiaisation work of Drlabaak |l9i63t wbioh was laploaantad 
by Shara^ian pL966[]» tba io^U^antatlon and uoaa of ** onrrogatt 
oon8inraint0**by Gtoffrion Q.969] and BaXaa &.967]t wiiioh waa 
introdoood by Olorar (l9€5] and aorrtyad by hla in [19683, tha 
ganaratlon and naa of othar Inaqnalitlaa lapliad by tha 
oonatralttt aat by Bradlayt Haoaar, and WOlaay 6>973]t Jobaaon 
and splalbars [I9n]» and by Spitlbarg [1972], [l972], and a 
raflnaaant of tba orlgianl. Balaa taata by Glovor and 21onta [19653 
and Laaki and Spialbarg §.9673. Ralaxiag tha originally rigid 
braaehlBg mlaa* auggaatad by OloTar and Zloata 6r9953f ««• 
formally propoaad by Spialbarg |19683 and latar by Gniagnard 
and ??pialbar« 0.968], 097l3i ft971], and l^ ian &971.]. Allowing 
tha anoMration to atart at a point diffarent f^ oa aaro appaarad 
i i j 
in Salkln (l9703, |l969]f SalkiB and Spl«lb«rg Ii968l, and 
SpUIbtrg 0.969]. A i«B«ral Oitottsaion of th« addltlva algoritha 
i« In Qaorirlon [I967]» and aoaavhat aiailar aohant am dlaoasatd 
In LamUr and Ball J(l966] and in GolooD and BatOMirt &%5]. 
Coapotational raaulta for ganaral sare-ona problma appaar in 
FlaUohaan 6.967]* fracman 0-966], faoffrion Q.969], Jambakar 
and Spialbazg 0^ 979]» Itoka and Spialbarg 0^ S673t P«taraan[l967]t 
and Salkin 0*^70]. Survajr artiolaa whiob diaou' s tba additira 
algorittam and extanaiona inolnda Balinaki and Bpialtoarg OL969]» 
Gaof^ioa and 'Juratan 0.972], and Salkin 0.973]. 
tranaformation of nonlinaar prograaaing prablana to 
•aro-«na linaar prograaning problaaa ia found In Balaa 0^984]. 
Oartiaanaan [l965] dlaooaaaa intenwdlata faaelbilitar in 0*1 
intagar Xinaar lorataaa. Duality in Polynoaial o-l Optiaiaation 
ia givan in Lo and fi l l iaa 0^987]. 
fa bagin by daaoribing tba problaM and raTiaving tba aatbod 
of BaXaa 0-^65]. 
Iia a«ro--<»tta intagar linaar prograaming problt • masr ba 
fbnuilatad aa follow* : 
113 
ninimizm ox • • 
Sdb^ot to A x ^ b , o i x ^ « . . . (4 .1) 
•nd XM intogor Cj"It...»n) 
vlioro A is an m by a matrix and • i s a vsclunn of onto. 
Balaa ^969} Mta op All th« ooiuitraiats a« inaqoalltUa 
of tho fon 
Axi b « j | ^ * l i « ; , S *1 
it aohlovos this fom by aultiplying inoqualitloa with tiio 
rovorot inoqaallty by -l* and oslog two laoqualltlos to rtpro-
MAt an •quality. <%•&« if all bj^  ^  Ot tht optimal oolotion 
i s Xa « Of j • l , , . . , n . W« shall sarsfioot ths algoritte 
assnaiog that a partial soltttiea ( j^f . .» j . ) Is aTailabl«« 
noting ^»t ths initial partial solotlon has no varisblss 
asslgasd. Thtn ths following prooodtars is ansd : 
g^p I(a}- If ths eurrsnt partial solution satirfiss ths 
problsa oonstraiatSf eoaplsts ths partial solution hy ssttiag 
all frsswriahlss to ssro. Sst s* • ths current niniaal 
intsgsr solution • ths objsotive fuaotim valos of ths solotioa 
ll't 
and wKf t\m nolntlon. Ko other ooaplttlon of th« partial 
•olution ean bo bottor thaa tfao prosont ooa» taanoo, no othor 
oontlaoatioas ntod bo oxamlng. Go to stop^' . 
(b)» If tbo partial solution dooo not aatiafy the probloa 
conotralBto, go to atop I J, Soaoto tho objectlvo function valut 
of tha ourraat partial solution as s • 
S.ttt Il~ ^te f^« varlablas z sooh that m^* °4 i > <>* 1* 
InltlalUad at «• If no faaslbla solution Is known inltlallj)* 
and such that soaa oosfflolant a^ j^ < o fbr atloast oaa 
oonstralnt 
b - - ^ a | 4 i - X4V < © 
(«s shall dsnoto she set of suoh varlablos as the set l^), efasok 
the relationships 
In lA'^ultlvs interpretatlon of (4,2) Is t^xBt by restrlotlng 
attention to varlablss shloh oan help satlsi^ .^ . loons* 
tralntst ae SKCT ohsok to see irfietber any oonstralnts can 
never be satisfied. If ar\3r such relationship U.2) la violated, 
II . 
tbtrt if no f«a«lbl« oontlmiatlon, k«iio*t go to •tfp' . 
Oth«r«lM» go to tttp IXI 
^tfi m- (* ) ^ •'l^ r«latioQgbips (4.2) ar« sfttisfitd at 
•triot IfloqualitltSt d«teraiii« wfadLoh tr— vorlablt (if Mt to 1) 
of tho Mt H would rodiioo tho total infoaslbUity (th» mm of 
the abfolato Talocs of tho atooont by whloh all tt» oonttraln'^ a^ 
aro vlolatad) aosti l .o , choosa j_^i 6 ff and set x. • I 
F *- Jp>l 
•ttoh that 
• p n 
la aaxinlaad. The new partial eolution ie Cj|^»...*jp» j ^ ) . 
Go to step I . 
(b)- Zft for way aoibaet of oone^raintat the relationahip (4.2) 
ho24s aa eqoalitiest denote by the eat ? all trer variablee x^ 
•noh that tk^A < o for at least one oonetraint of t^e eobset. 
Cheok the rela'^ionship 
I c^  < e » - « ^ ...14.3) 
>v • 
['hen go to stepr . 
i l o 
g^p IV*(A) If (4«3) i s tatlefUd, tb«n x^  « I. j € F 1« t ^ 
oalj po^eibU eptiaftl ftaslbU oontlBBmtlon of th« prtatat 
partial solotloa. It- nay or may not ba feasltlet ho«aT«r» fbt 
ntzt partial eolntloa to test Is thareforv (d2.»«**tJp»dp^X'^ ...» 
Vq*^' •^*'* V l ' —• ^Pn ^ '• ^ *® ®*®P ^ • 
(b)* If U.3) 1« not aatlaflad, ti^n ihen la m por lbl« aptlaal 
fHaalbl* oontlnoatlon o£ ttaa praeeat partl&I eolutioa, Qo to 
•tap Y. 
J||Sjj;«-(a) Consider tha prastnt partial oolotlon. Find x^a rlgbt 
•oot alfoont ^^^'^/^ It by ^ . ?h«t: ! • tbo n»w partial aoletlon. 
Go to atap I . 
(b)-> If thara la no alanaat ^^ In tba praaant partial aolatlon, 
tha (lapllolt) aniaaaratlon la ooaplata and ttxa optloal aolotloa 
(abloli haa bean aavad In atap la) haa objaotl'va fonotlon tralaa 
«*• If 8* la ** f thara la no faaalbla aoXutlon. 
RafTl^ Tba above algorithm la Oftoantlally tba one jraaentad 
by Balaa |l965j. Hota that It ylelda only one optlautsi (tba 
algorlthM ooQld readily be altered to yield al l optiaa, aa 
Balaa polnta ont). Hote alao that we have made no atteapt to 
Implanant alterfiatlona to tiie algorltba, aooh aa ttioae Indicated 
4 -J " 
l l t 
by Glov«r and Zlonts (1963] t tnong o%ti«r«. In «&ditlon, a 
notation dlff«r«nt firos that of Bala* has bo^ n o«id liara in 
an attcapt to slapIlX^ tfaa proaantatlon. 
G«B«nting ttppar and lowar bounds on thevariJiblas, togatbar 
w i ^ Balas •trnotort of iaplioit aniawration, and by taking 
advantago of aiaplifioation tbat oan ba obtainad» a siaplar 
and aort poaarfol algorittaa say ba aotiiarad. Tba rasulting 
algoritlia includaa tpaoial taatt davalopad by othar authorot 
including Fltiobmann [19673 and Gaofflrioa |l966j. conoaptually, 
i t ia oosvtniant to poaa tha problan in Balaa fraoaaork with a 
ftw altarationa : 
1, Equality oonatrainttf ara rapraaantod an aoob 
2. A oonatraint of tha fom 
• r 1 
^ o« x* i «• • 6 ahara o < C < Min o^  i - l 3 3 3 1 3 ] 
ia addad afaara s* lo ainiMoa objaotiva fonotl n^ for a faaaibla 
•olotion found ttans far, Tha affaot of this oonatraint ia to 
iabad al l obaoka involving tha objeotiva fuoc^ion within tha 
ganaral oonatraint ohaoking prooednra. If C » o ia uaadt than 
ILi 
a l l alt«rnato optiaa will b« fjoand. Initially, 8* • M (or «•) 
(«bara if i s miffioiantly Urga nmSafttf a.s. ^04). 
3* K«plao« atapaiX,!.^ andT' of Balaa' MthoA by th« folUvlBg: 
2*. Usa tha rasnltg of tbaorea givaa at the and of t bis algorltba 
to ganarata upper and lover bo undo, aa ap ropriate* foraaoh 
saro«ona Tariable in avary oonatraiat, 
(a) If a lower bound greater than zaro ibut laae t^ ian or equal 
to one ie found for soma variable x t^ tben x^ ie liapliad to 
be one in all oontinuationa of the present partial eolution, 
Thna kf angaanta the eurrant pertial eolution. Go to etep - • 
(b) If a lower bound greater than one ip foun^ for eoae Tarlablt 
x^, then there i s no fesuiible oontinuation. Oo to etep v . 
Co) If an i9par bound lose than one bat not leee than aero ie 
found for ooae variable X|^ « then Xj^  i s implied to be >aro 
in all oontinuations of the present partial eolution. T^n 
&-attgnente the onrrent partial eolution. &o to etep ... 
(d) If an upper bound less than eero ie found for eoae v ariaible 
Xj^ , then there ie no teaeible continaatlon. Go to etep . 
(e) If al l ap>;)er bounds are atleaet one and ali. lower boonds 
IJ 
are at tsost 2«ro« thta ab tighter bounds are avallaibl*. &t> 
to step 3*. 
3*- Doteralno iihloh freo variatolo nocld redaoo tho total Infoa-
flibllltsr (tho em of the abeolnte •alitee of i;h« aooant by ebioh 
al l conetrainte are •lolateA) aoat, I.e. ohooae j ^ ^ and aet 
Xs " 1 aooh that 
la filniaized where S la tiie eet of eqoalltiee. ^ Hew partial 
eolutlon ie ( j ]^f .» Jpt 3p+x *'*'^ » ^ *» etopi.. (Tale le 
eqalTaleitt to Balee* oholoe atepi ezoept that equalfitiet* are 
repreeented ae each.) 
4*-* Step 4 of Balae* oetbod le deleted. 
One reflnesoent eorth ventlonlng la tbe use of alternate 
oriteria in step 3*. ' ^ preaielng pooftlbilltloe are : 
1. Cheoeing the firee variable with the minlmtia Cy 
2.(a) f^ here the total infeaelblllty oon be reduced (eee etep 3')» 
ohooae tho varlaible with the aininuai ooet per unit of iafeaal-
bill'jy reduction. 
(b) wta«r« the total laftAfllblllty ean not bo rodQood* uoo 
the rolo slron la I aboTo. 
Tho first pOBfilbillty Is ooeipatatloaally InozpoAslvo, 
wboroas tbo aooond Is oosputatlonally oaq^onslvo. Tbo sooonA 
sight bo usod la the early stagos of oonputatlon oat 11 an 
Intogor solution Is jfoand, Thon ono of tho othar stra^glos 
aaar t>e DSSA. 
Aotoally, ths oaloulatlons In stop 2* can bo slapllflod 
trttttondously by ollmlnatlon of toots which ooonot oooor^  tins 
a:voldlag ropltltlons oaloolatlons. virofosoor £;arl JloCoy, 
UhlYorslty of AIabaaa« has suggestod SOM of th« Ideas for tho 
slmpllfloatlon) (only two Tarlablos In oaoh oonetralnt aro 
ohooksd.) 
4•3.1 ?h^ye» : t^psr and Lovwr Boands for Ihtogor Varlablos 
Xa aro glwon as bolow : 
l« Tbr A£4 > o 9 a lower bound fbr Intogr^ I^ XA IS glTon by 
.,-.in jo. ^4 - ;^ i^3<A-,-^^,*iV 
And an upper bound for Integral z^ Is glvea by 
ICl 
b. I • X . _ 
2. Fi»r «][< < Of A lower bound for intogral Xj lo glTcn l)j 
"!• •*" ["''.^  - ^  ^J'^-4-^J'"^ "*' 
«aa ••> Dppar boood tor Integral x. Is gl'tan t)y 
"l 1 • 1 
«• romiA levor booado op and op ar boondo doviit If thay aro 
not Intastr, 
4.5.2 !f9iflr49f^ , mmln : BPObl«i l of Bala. 59651 
lUninlao a • Sx^  • Tig • ^«3* 'x^ * X5 
Snbjeot to • x^ • 3x2 - SXj"* '^C^ ^ "* 
2xj^  - 6X2 • 3x,* 2X^-^XK i 0 
Xg - 2x5 -^  x^* X5 i -a 
Ooing Balas* (1965) aotbod, wo havo tht following partial 
•elotloa* : 
12J 
1. (o) . In st^p : : T . add 5**. 
2. (J**). Ih •*•? i : i . iidd2+*. 
5 . (3**»2*+) 8 * " 17, ftaelbi*, 3^ tttp :; . backtrack. 
4. (5"^#2"). lb attp:^, ralatlon U.2) i s violatad by 
oonatraint ^, tharaforai backtrack (atop ) . 
3 . (5*). In atap-i, ralatloa (4.2) la Tlolatad by oonstraint 3t 
th«rafora» backtrack (atap VH ) . X^ « I , Zg *^ ^ ^ * 
optimal aolution. 
Uaing tba ganarallsad mottaod* wo hanra tba folloving partial 
aolationa : 
1. (o) . From oonstraiiit 9, tho lower bound on x. ia a—n to bo I, 
2 . (3*)* r^om ooaatraint 2, tba lower bound x^ iff aeon to bo I . 
3 . (3'*^ »2'^ ) 8 • I7ff foaaibla. 8o backtracking ia posaibla. ftm 
problam i s aolTod, 
A.A GEHERALIZOP THE ZERO-OME APIITIVS APHia\CH X) ALL-ISTEfiER 
Tba gonaraliaatlon of tho saro-ono additivo algorltba to 
aolvo a l l intagar problama Is atraightfomard and haa boon 
propoaod by Krolak |l966j and othora. (Sucb apr^ roacfaaa arot 
of oooTM, AlI-iAt«g«rt rati3«r than eero-one inWg«r.) All of 
Vam togto on bounds oarry OTWTt but aro not addltivo in this 
case. What i s rsqulrsd i s a sobsois for rsprsnentiag partial 
solutionst analogous to that ussd in our expos! t;ion of Balas* 
additive aIgoritha»so that only one aotiys solution need be 
reiasnbered at a t lae . Such a sohene Bight include sonething 
like the followioi : 
1. then a varial)le i s to be set to some value, i t i s set !:o the 
largest (or alternatiTrely saallest) feasible value. 
2 . When haoktraoking and oonsidering another value for the next 
previous ohoioe variables deorenent (inarenent) that variable 
for the next partial 8>lution, If the variable happens to be 
equal to i t s minimum (maxiiaua) feasible value, treat i t as a 
variable whose value i s implied and backtrack to the next 
previous ohoioe variable. 
3 . Recompute the bounds after each ohoioe step. 
Computational results tsing all-integer Implioit enumeration 
algoritlais have been meager to date, and the results do not 
appear very promising. 
:2t 
•.5 g^TOABS.CTgTm^fS 
do BOoel«ratt th« eolation fbr 8«ro-«iie probl«B«t &loTcr 
[1969] propoand ttm u»t« of surrogate oonstralntst a positive 
linear ooabination of oonstralBts whloh yiAlds a oonstraint 
that i s ** atrons ** in aoaa <;o be defined senee. Use of eorrogate 
ooaetrainte in a linear prograaming context to Identify redun* 
dant oonetrainte had earlier been ooneidered by lioapaon, :bnget 
and Zionts |1966], Stircogate oone&raints in aero««ne intei^r 
progrenming have been further studied and oned to adTaatage by 
Balas [1967] and Geoff^ion [1969]. Their methods are sloeely 
relatedf and we shall preeeat a Tariation that eeeas to ocaibiae 
good featuree of each. 7irst, «s define the term ** strength of a 
surrogate oonstraint ** ae used by Balas [1967J. 
^•^A PfttelUM * A surroga t^s eonstaint i s a constraint 
y*Ax ^ 7*bt fAiere Ax i b , i s the oonstraint set and y 2 o 
i s a veoter of appropriate order, 
^•^•2. fitXlAlUfifit Given two surrogate oonstraintst a^ x ^ b^, 
and aj^ x ^ b^ ^ » the stronger surrogate oonstraint has tte larger 
objeotive funotion value when ainiaising an objeotive funotion« 
L 1^ J 
0dbj«ot onlsr to th« siirrogAto ooastralnt and non-otgatUltj 
oonstxmlnts* 
Th« following fchooroa (4«&.3) to * variation on tboM 
iroflontoA tor Balao (i967]t Gooffrion |l969jt and Oloror Q.969J, 
4.3.3 '^t^r^ : l^r a giTtn lintar pregraaniog probloa ttm 
optiouil daal aolotion ylolda mBltipIion tor conatruoting a 
•trongaot suzrogato coxuitraittt. 
IttftX : "^ probloa i t 
Miniaiat a • o'x 
Suibjeot to Ax^ b . . .U .4 ) 
wh«ra z la a Tactor of saroa and onaa and the oontlasoaa 
analog in aayjajging fom la 
•nialaa a • • o*z 
Sobjeot to Ax ^ b . . . (4.5) 
Itoa dual problaa la 
Minldasa a - b»y • l*« 
Subjact to A«y • u > - 0 . . . (4.6) 
' 0 ? 
J. CO 
l%t an optteal folotlon to %tm dual b« /*» Q*» aad Iti 
oorr««pOQdliig objdotiv* fOBOtion valB« be 
%• oorrcflpendlAg sttrregat* oonttraint i s 
y A x * B x ^ y b * i i l " » a 
Xo» «• Btttt proTe that tbc optlaal •ointloc *^^ o problen (4.7) 
below ! • niaiaia for y « y* and ti ** u*. 
Maocialsa • o*s 
Sob^aot to (y'A • u»)x i (y«b • u»l) . . . (4.7) 
L«t X* bo tbo optlaal ooIotlMi to (4,$)» tbon by dualitor «• 
haro that -^ x -^Cy A* B )X* • y b* B I* »•, Wo aay aloo 
vrlto 
- o « x i ( y A * B ) x i y b ^ B I . . . (4 .8) 
Tbo optloal aolBtlon to (4.7) « i ^ y* and B* IS X*. For any 
otbor oBrrogato oonotralnt goaoratod by aqr noaiiogati^ 
•Bltlplloro y and B^  oloarly any foaolblo oolctlon to (4.5) 
4 r\ **! 
i2/ 
inolodlflg X* i s f«aslbl«. Xa addition soao solntiont wbloh 
are not feaaibla aolotions to (4,7) in snoh a oaat oan poaeiblj 
ba greatar than - o*x*t but oarer laasf t;hara%Qr proving the 
ttiaoraai. 
Va indicate briefly tbe i^proaobea of Balaa (i967]i 
Geoffrion [l969jt and Glorer p.96SL]t ail of wtiloh are very auoh 
like the laplioit enuaeration sohane witb eurrogate oonetrainta 
given above. 
4.5.4 Tfaf Ba\^ f^^t^r y^th04 Il3fi2]l : ^ ^^la« Filter Mtfaod 
first oonetmete the surrogate oonstraint defined in Definition 
4.1« Then, within the eurrogate oonetraintf 
n 
z a. X. i b (b < 0 ) 
the variables are arranged in snoh a manner that all a^ neketive 
have lower indioee than BDJ a^ positive. The following condi-
tions Bttst hold : 
1. For a|^  < 0, a| < 0 • and i > k we anst have o^/t^^ < o^aj^, 
B^ie implies that of any two variables that help to eatiafy the 
snrrogate oonstraint, the more **effioient** variable Is first. 
2. ^T Sjg > o, a|^  > 0, i > k we mast have a^ ^ < a^, Thie 
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iapll«e that of any two varlaDlts tliat do oot bolp to satisty 
tho aurrogate oonsiirelnt, tha ona tbat iaoraaaao infaaalbilltty 
Xaast i s flrat. 
Tba&t aalBK only tba raarrangod aorrogata oonatraiat, tha aathod 
ganaratae a tree of partial aolotione In a •paoifiad order. Tbe 
beet partial solution ( i .e . t the one with the niniaua objeotiva 
function value) ie selected froa the tree, liere are two poeel-
bil it iaa : 
1. If It ie not faaslbla with reapeot to the surrogate oona* 
traint^ i t ie used to generate oontinnations in ^e tree ^ 
branching on a free varlabia. (If there Is no feaeible oontlntta-
tion with raepaot to the aurrogata oonatraint» the branch is 
terminated.) Then tha beat partial solation reoaining in tha 
three ia exeainedt and tba procaae repeated. 
2. If tha solution la feaeible with raepaot to the aurrogata 
constrmintff i t is ohaokad for f aaaibillty with raspeot to all tha 
constraints. If i t satisfiee those oonetraintct i t ie the optimal 
integer solution, otharwiest that eolotion (c.fter first oheoking 
the oomplate set of oonetraints for variables Implied to be sero 
or one, and for tha poeRlbllity of no feasible ooa^imiatlon) i s 
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•zt^ndcd by brttoohing on a £r«« Tariable aoA tht tmw solutions 
ar« stored In tbe tres. Tben ths bsst partial solution rsaalning 
In tbs trss Is dxaainsd, and ths proosss ropeatsd. 
Balas* surrogats oonatralnt problsm for ths problsa of Bxaapls 
4«2 is arranged In the following aannir : 
mniiase B • 7*2 • ^^ • x^ •• $Xj^  • 3x^ 
Subject to -Txg - Q^«3 "^3| j^'^ SjK^+l*^ x^ i -9 
T^he branching frooeeds i^ ooi left to right). The method uses 
teets ehioh are an inprov^aent over trhoee of the addltiire algorltha 
though not as ooaprebensive as those of the generalised algorithm. 
As mentioned earlier« the exposition ie ^ost oloseljr related 
to that of Oeoffrion, Tbe^ e are two relatively minor dtfferenoes 
in Geoffirion's approach which have not been indloated. Pirstt 
Geoffrion*e surrogate oonstraint is defined as 
y» Ax • o«x iy»b • a 
where i i s on upper bound to the objective function value of 
ttie intelier optimum (y is the optimal solution to the dual» 
yielding the strongest constraint by his definitionjellghtly 
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different turn iaprored oii«|), Steondf he ttses a relatively 
elaple aet of lnfea8lt>llitar teate In laplenentlng hie eohaM* 
noting that any iaproted rolea ooaldt of ootireet be used. 
Glover *B italtipbaee deal alsoritlai aaee only one earrogate 
oonatraintt whlob la derived in a heurietio ounner by etaooeing 
the oonatraint noltipliere arbitreriljr. The oonetraint ie aodifled 
i f i t i e fottnd that any of the oonetrainte which ooapriee i t 
cannot poeelbly be binding in a oontinoation of the ourreat 
pertial eolation. ?he Multiplier of each a oonetraint in foraing 
the eiazrogate oonetraint ie eet to eero nntil appropriate 
baelq^aoking oeottre» at ehioh tise the appropriate •ultiplier 
in the eurrogate oonetraint ie reetored to ite earlier valoe. 
2h addition, the oontinoooe optiaal oontinoation of a pertial 
eolation ie eolved f&r ae the problea eolation prooeede-—ei&jeet 
only to tiie anrrogate oonetraint and the a«ro-«ne bound oone-
trainte. ?he other teete of the aultiphaee dual aethod a«y be 
eeen ae epeoial oaaee of the generalieed teete given here. 
Kumeroue other devioee have been oeed in sero-oae integer 
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progranlng tohtMS. TheM inolnte eteoeing a '*b«tt«r** 
origin than ttaa dual faasibla •olotion naad by ao*! aehtaaa. 
Of oooTMi taate auoh as thosa uaaA by Balaa ond otbars on 
ttaa objaotlTa ftmotion would not ba Talid in ganaral. Tba 
rafined oaa of bounds into whieh tba additi^ algoritte aas 
ganaralisad aarlier sonld s t i l l ba valid. Othar daviosst sooh 
as indaxing tba Tariablas for saoh oonstraint in tba ordar of 
tbair dasirability ( i .a . tht ainiaua valua of Oj/a^ \^ ¥ o i 
i s nost dasirabla)* ara alao noad, to Justify an inoraasa in 
ooBptitational and/or storaga raquiraMantst i t i s nsoaanary to 
sbow a eorraaponding iaproTad affioianoy in tbs aolution prooasa. 
4.6.1 Aagragating OonatraJnta km a Msthod ibr solving 
Tbs ultXaata in aurrogata eottatrainta» if aobiavabla* ia a 
sii^la oonstraint wbieli baa tba soaa faaslble intagar aolution 
sat aa tba original aat of oonstraints* 8uoh a aurrogata or 
aggragata oonstraint oan inda^  d ba daTalopad» and in tbis ssetion 
wa sball oonaidar aatboda for oonstroeting auch aggragata oons-
trainta. Onoa auob a oonatraint baa baan davalopad, aa asroly 
naad to aolTa an integar progranaing problan having a singls 
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oonstraint • a Knapoaok problw. 
3o fiom th« aggregate ooiistraliit« ms generate a linear 
oonblnatlon of the original problea oonetsikiAte, Tbe prooednre 
to be developed ooabinee two oonetrainte into onot *iid tben 
ooabinee ttae reeolting oonetraint with a third oonetraint* and 
BO on, until a eingle oonetraint ie aohiered. 
Tbe Bloaghrabj and fig 0.970] aethod reqairee thar all 
ooeffioiente appearing in either oonetraint (being oonbined) be 
etriotly poeitive. Thie can be aohieved in general by firet 
aaking all ooefflotente non-oegatiTe by replacing atqr XA having 
a negative ooeffioient bf 1 * Zjt ehere x* ie the ooapleaent 
of Xy then, to aake the ooeffioiente etrietly poeitive, add 
one oonetraint to the eeoond to fore a new oonetraint. The two 
new oonetrainte have all ooeffioiente etriotly poeitive, and az« 
eqnivalent to the original oeoitrainte. (Thie oonetruotlaia of 
oonetrainte ie a «ethod developed by Mathewe [1897]•) 
Beeignating the new oonetraint ae 
Ve now wleh to find siiltipli«?e for the ooaetrainte fbr aggre<» 
gation perpoeee. X^ it 1 be the aoltiplier fbr the fIret oonetraint 
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L«t X b« th« mltlpll«r for th« Moond oonstraliit irti«r« X 
i i an lnt«8«r •AtlsQriag axpivtsioB (4.9) 
...C4.9) 
• 2 ^ 
X > bj, 
Th« ooopoalta oonstralnt la than 
j i i ^•iJ * ^ •aj^ «3 - h * ^ ^ 
Tlia prooaaa la rapaatad uaiag t^ a ooi«poalta oonatralnt, and 
ao on, ontU all oonatralnta bacra baan aggregatad. 
A naalb9r of iaproTmanta hara baan propoaad. Olovar and 
ffoolaay ^970} dlaooTarad a auparior aatiiod for oo«blnlng 
aquationa into a coapoalta onatralnt having flnallar ooafflelanta 
than that ganeratad by tba Slaagfaroby and wig toathod. Xandall 
and Zlon6a ^912'} hava laprovad opon thla method hgr ft>rt^ «r 
radttolng tha alsa of tha ooafflolanta and the ntnibar of Taariablaa 
afaloh* In torn, radocea tba ooapntar atoraga raqolramanta. Wa 
daaorlba ona of tha mthoda propoaad tgr KanAall and Zlonta* abioh 
baa 6ba advantage of tliare being no reatr lot lone on the algna of 
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th« •ntriM la th« ooattralnts. Thia in^lles that no oo«pl«MAtt 
of variables or* required* thereby eeonoalsiAg on ooapnter etorage 
Aurlng the eggregatloa (and poeeibly eoXutlon) prooeae. 
The fraaework of thla aethod i» eiollar to that of the 
Slaaghraby * fig method. Tea oonetrainta are ooaibiiied, the reaolt 
la ooaibiiied with a third ooAetraint* and eo on. fioaevert neither 
of the two aultipliaro ia pervitted to be ooe. 
The following theorem for coi^ining t wo oonetrainte ie the 
baaie of the method. 
4.6.3 "gba^ rof : Given two oonetrainte of ^ e following form : 
^ 1 •l^*;! - h -..U.IO) 
^X*2i *J " ^2 ...(4.11) 
Zj Jt o and integer 
x^ t • .•• Zpi 1 ( p 9 n ) 
Then equationa (4.10) and (4.11) are equivalent: to the equation 
(4.12) 
V l *^ ^ *^ * ^  3-1 "^ *^^ " ^ ^^* ^^2 ...(4.12) 
ffbere t\^ •ultlplltrfl |^^  > o latigfjr th» fblloviiig oondltlont: 
I . 
'' 'A •'"^  «. "^  "A -^^ 
H »2 
•re not intog^rs* 
3 . 2^^  and X2 «r« r«latir«ljr priM« (Th* gr«at«Bt oosaoa dlTiser 
of X|^  and Xg i t MM.} 
J^ SfiX * Equations (4«10) and (4.U) oloarly siaply (4.12). % 
proTo that oqaatlon (4.12) lapUos oquatlone (4.10) and (4.U)i 
«• noto that 
£ A * 4 Z 4 • h « •» • . • • • • I i i i i » » i M .-••• i iw nil 
n n 
£ *lj <4 '^ '^  ^ ^ « ^ ^^ intagor, honoe ( ^  a^. C^j-b^ ^ ^ ^ 
IB integar. From the condition that k^ and ^ 2 ^""^^^ ^ * ralatlv^lj 
n 
prlWf «• so* that ( ^ <^4 ^j"^2^^1 ^°^"^ ^ * intogar. Using 
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•zprtnion (4.12) «• tmv 
i ^i 'i' *« h-jli ^J «i 
w\mT9 q i s an iJitegtr, 
We now proTt q la aero Iqr oontradiotion. ^irst «• aefftaa 
a 
q > o. Thla lapllaa that C b^ -^ ^ a^. ^j^Ag i s & poaitlirt 
intagar. Va BMQT DOV arita 
• •' • • q ^ 1 . . . (4 .13) 
SlAoa ( 1>|^  - £ 1^4 )A2 i* oot Intaiwr (baoauaa of oondltioB 2) 
and hanoa not sarOf naitiiar la 
n . a 
By noting thit 
±S i 
SoibBtitutint •3epr«t8loii (4.U) into (4.13) glvts 
a oontradiotloQ to oonditlon I . • Texy •lallidr argaiMnt I^VB 
that q oarmot b« negative, Hgooat Q MMt t>a wro» In iMbh 
oaa« both oonstraiAfes (4*10) and (4*11) are aatlefled. Thle 
coovletea t]ie proof. 
In actual praotioot tbeaallest value o£ X*a that 
eatlety the above orlterla are ohoeen in order t» help keep 
the •agnituAe of ooeffloieata in the ooapoeite oonetraint 
•Mi l . 
Othar awthoda for aggregating oonetralnta have been 
proposed bar Olover and looleey [l970] and BradUgr [197111970]. 
Soae alloe for oongiderable flesibility in ohooeing aultiplierei 
but ayeteaatio ooaparison of the nethoda has yet to be aade. 
It ie olear that the order in whioh oonetrainta are aoobined 
tnakee a differenoe. i^hue, t asauaing aBaller 
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oovffioUnts in %h§ aggregate oonstzmlnt art d«8lrabl«,ftirtli«r 
study of tba order of th« oomptralntt in tho aggrvgatioa proeoos 
i» appropriato, 
!%• BottaodB Aaaoribad in this sootion ara saro««ns Tariiblas* 
liowevsr, tbay laay b« axtandsd to boundad integer Tariablast ao 
the aetbod if applioable to general all">integar probleaa. 
All Of the aggregation eoheiaes hare the aoae dl^kdvantage-
the ooeffieients beooas too large to be stored in one ooapater 
word ae an integer. Slnoe i t le oeoeseary to wriintnin aoooraoy 
In an integer prograiBnins probleat A nultiple preoislon package 
of subroutines (siibroutines that store the Integsr in acre than 
one ooapoter word and ezeoute the basla operations of add» 
snbtraott and ntiltiplj in that manner) auet be utilissed. This 
sst of sttbrontinee soald be the major part of a oonputer progrsa 
using an aggregation approach. 
One advantage of thess aethods is the elmplioitar of solTing 
the single constraint problen that i s generated onoe the oona-
tralnte are ag.'regate 9 even though solvlns tii« resulting problem 
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i s iBor« diffioult tban nolTlng a Knapsftok prdbloa having an 
inaqoallty ooaatraint, A aaoona aa^or aftvantaga darliraa froa 
tha raooraiTa natnra of tba aXgorltbaa. It i s oaoaaaaxy to atort 
only two oooatralnta in oooputar aonoxgr* ?tirth«ri tha objaotlva 
ftmotlon la not oonaXdarad until all tb» oonetrainta ara oo#>laad 
into ona. 
Tba posalbility of writing an affloiant ooapatar program 
QBlng a oonatralnt aggragatlon algoritha and a aultipraciaion 
packaga of aabrootinaa la not farfatdbad. Evan tbough aoltl* 
praoialen raqairad aora than ooa ooapatar word par ooafflolantt 
tba atoraga raquirooiants for tha ooafflolante of the aggragatad 
opnatraint will ba onoh laat* than tha atoraga raqulraaaata for 
all of thOM oonatralnt of tha original probleni. Thlt iapllaa 
that aooh a prograa wonld ba partioularlj ralnabla to a naar 
raatriotad by tb* aaeont of available oai^ >.9toraga» Thla oMtfaod 
would alow a pareon naing a tlsa-aharing (and oonaaqaantly 
** ooraaharlng" ) ^rataa or a llaltad money Tslnioonptitar to 
aolTa raaaonibla larga problana whiob would ba lapoadLbla to 
aolva aaing praaantly availabla Intagar progranalng oodaa. If 
appaara that oonatralnt aggregation aattaoda warrant aarioua atady 
aa a faaalbla altarnatlva for aolvlng intagar prograaaing pz^blaaa. 
5.1 miRODODTIOI 
This otai^ttr pre8«nt8 algoritbaw that exploit tht special 
propertien of certain integer «odel8» including the Knapeaok, 
the fixed oharget the travelling saleeaan, and the set ooTering 
problens. Although the general algorithm presented in the 
preceding obaptere can be ueedf at least in principle, to SOITO 
the indicated Biodeli» the Rpecialised nethode should prore 
efficient eoapntatftonallj. 
5 .2 |HB,ffA?8ACJ^..ff^q|mM 
Consider the situation in nhioh a hiker must decide on 
the rarious iteae he could taloe under the limitation, that he 
cannot carzy more than a specified welgl^t. ilis objee tive i s 
to maximise the totsal value of the items he takes. ?hi8 
situation can be represented by the foi l owing: integer program 
with a single constraint : 
n 
maximise s • £ O4 Xa 
n •' ' 
subject to £ a4X4 < b 
5«l J 3 
x^ 2 o and intehrr ( j « l , 2 , . . . , n ) 
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«li«x« tta« oostt Ojt oo«ffiol«iit« my aad rlgh^ hand tite 
(BiBb«r) b art Intt^^ars, and aaoh a^  (j»l,2««..tn) and ba ara 
poaltl^a. Sttoh a program la oallad a Knapaaok problaa. Ttaa 
la In rafaranoa $o paoklng aXKnapaaok trhiob oan hold a maxlana 
•ai<ht b. Saoh of n Itaaa from whloh tha aalaotlon la aada 
haa a aaifht a^  and ralatlva raloa Oj. Tha problaa la fco f i l l 
tha Kaa^ aaok ao that Ita oapaelty la not asoaadad and tha total 
•alua - that lat tha aom of al l ralatlva Taloaa <- la aaalalsad. 
iha nodal la praolealy tha abo^ probla« wh«a aaoh •arlibla z^ 
la althar o (Itan j la not paokad) or 1 (Itam i Is packad). 
Tha abova fonmlatlon la rafarrad to aa a ona-dlaanaiooal 
Kneq^ aaok problaa. A aaltl-dlaanalonal Knapaaok problaa Inoloda 
«ora than ona oonatralnt. Tor axan^la* a volaaa raatrlotlon aaj 
alao ba lapoaad In addition to tha walght oonatralnt. 
Although tha aloplaat latagar prograat tha Knapaaok problaa 
la aorth atodylng baoaooe : (a) It la raprofantatlva of aaagr 
Indnatrlal altoatlona aooh aa oapltal bodgatlng, projaot aalaotlon 
and oapltal Invaataantt bodgat oontrolt and ntnarooa loading 
problaMaf and (b) It appaara aa a aabproblaa that haa to ba 
aolTad In many Intagar progranralng algcofttttei. 
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Algorltlias which solve th« Xnapsaok pro\)l«Bi ar« usually 
of the dynamio prograiOBingt emuaerativet Lagrangian multi> 
pilar,or network typa. 
Early papers vhioh dlsouss the Knapsack problem in context 
of dynamic progranming include Bellnan [1954]« [1956] , [i937j* 
[19573* and Bantsig [19573. later expositions are in Bellvan 
and Dreyfor (1962]] and Spntslg (l963l. Computational laproTe-
ments in dynamic programming algorithms are described by 
Greenbarg p.9693t Dreyfus and leather [l970j, and Tomark Q-9721. 
EnumeratiTt algorithms specialised to solve the Knapsack 
problem include the branch and bound procedure for zero-one 
problem appearing in Solesar (19673• and Faaland [19733. 
Everett 0^ 9633 introduced the concept of utilizing Lagrangian 
mttlttpllers to solve discrete programming problems. I ^ Knapsack 
problem oao also be rypresented by a network in which a minimal 
cost or shortest route i s sought. Shapiro (19683, (1971] disous'-es 
the formulation and^olutlon techniques. 
The applications involving the Knapsack problem br i t s 
solution include the cutting stock problem extensively di8CU!«<ted 
by Gilmore and Gomory (l96lj , [19653* P-965], (1966], the Journal 
1^0 
MUotioB pvoblea ipp«Gfflii8 IB Sraft and HIII [1973]»(^971J 
•nd in Olowr and KUngnan (1979] and ttM oapltal lnv««tm«nt 
probl«a «0 txplainad bj Haaenaim (^961]. 
tJalng a baelo maibar th«oratio resolt appearing in Hathtvva 
{1897j» It oan ba aboan tbat an integar pro^ jraai with way finita 
nmbar of oonntraints oan ba trantforaad to Knapaaok problaa. 
Although tha trannfaxmad (Knapaaok) problaa baa tha saaa niabc^ 
of Tariablaa* ita oonatraint ooaffioiant ara uaoallj anoroona. 
Thuot roundoff arrora and OTarfloa oftan aaka oo^potar lolutlon 
impoaaibla. An axoellant aorvaj ragarding tranafOmation ia in 
Kandall and Zionts (1972]. 
Coapntational raaolta with Knapaaok agorithmo ara in 
Cabot [1970], Cabot and ftartar (19683 , GilMra and Gonory [1963]» 
&oignard and Spialbai^ D-^^lt Oaliaot Swanaon, and Woolaajrl {, 
Kolasar |i967], and in Waingarthar and Niea [l967]. A ganarall 
atinray articia ia in Salkin and Daklqjrvar [l972]. 
Hacantljr tiia aork ia dona on tha aultipla ohoioa Knapsaok 
problaa* Tha problaa ia diaouoRad in Zbaraki» :iaaaga«a, Taraaak 
and laaaa (i9783» and Sinha and Soltnara (I979]. ^!h» linear 
multiple ohoioa Knapaaok problaa ia in Zattal C^9B0j. Algorlthai 
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for aoltlpl* cboict Knaptaok I later progran is in Qrer [1984]. 
Contlnnons tBaxlmnai Knapsaok problems art Alaousetd In Blselt 
[1986]. Dttdaiiiakit Kr^yMtof* Itlokltwits, Stanltlaw [1967] 
AisoasMis tb« wtllknona Knapsaok problra and Ita two gantrall* 
sat Ions* lis f irst gsiisralisatioa i s In the foxv of ths aultiplt 
ohoios Knapsack problsa ttad ths seoond i s in the fora of ths 
nssted Knapsaok problss. 
In ths sinplsst oase ths problsa consists of choosing 
aaong n ooapsting indspsndsat iwrsstsMnt possibilities so as 
*:o aaxiaist ths total pejroff APOB the investment subject to a 
constraint on araileible fnnds. So model the problem* let o^  
(j *> l»«.,»n) be the payoff firom including project j , aj ( j - l , . . ,n) 
be the cost of project j« and b be the total available funde. 
Further, let Za be o(l) if project i s rejected (accepted). 
The basic andel i s then 
tt 
maximise £ o. Z4 j - l 3 3 
n 
eubject to £ a4 Z4 < b j » l J 3 •* 
and «j " 0 or I ( j «» I , . . . , n) 
i 4 o 
whloh i s a KBApsaok problta with B«ro-OM •ariables. Notio* 
that tb« piupamttt^ ra o^ » a^  and b •» / ba taken aa poaitlva 
and intagral. 
Ttx% inyastmant aitaation juet daaorlbed often can be divided 
into aeveral periode with eoete and available fimds broken down 
to period requirementR. Ih this situation, the nonHoegative ooet 
of project i in period t i s denoted by a . - ( j - l , . . . ,n , t - l , . . . , l ? ) 
and the available funds in period t i s b^ (t « 1 , , . . , 7). The 
multi-period Lorie^Savage capital budgeting aodel i s then 
n 
BiaxiiBiae £ c^  x^ 
J - 1 ^ ^ 
n 
subject to I *ij *j ^ ^t (*^1-.....''> 
and X. * 0 or 1 (3"l . . . . fn) 
Unless ^ " If the above problem i s a standard xero-one integer 
program with a nonHoegative 7 by n constraint matrix (project 
j may not require aoy funds in period «^ so i t i s possible to 
have c±A " o. We may also note that an integer program with 
more than one constraint and a non-oegative coefficient matrix 
i s some times termed as a multidimensional Knapsack problem) t 
and oay be solved by the search eniaeration techniques discussed 
i 4 b 
in Chapt«r-]T, Otlmr golutlOA poMibill ties inolud* aggregating 
ttm ? oonstrftlnts into m single ooaatraint with the e^ M eet ef 
integer oolotione and aolYing the reioltlng Enapeaok probleat 
aeing a Lagrangian aultiplier approaob to find a near optiaal 
solution, or possibly dynanio prograaning when ttiere are only a 
few periods. 
A eeoond extension to the a*I oooors when cbe n inTeet-
ment possibilities are partitioned into disjoint subsets ii|^*...t 
n ( P i n ) and i t i s specified that preoiseljr one project in 
each subset must be ssleoted. 'ftm additional reQuireaentu have 
the fom 
£ x^  • I ( i » l . . . . t P i n ) 
Equalitiee of this type are ealled sultiple choice oonetraints, 
sinoe eaoh one spsoifies (when z^ » or or 1) tha^ a single 
•ariable in selected to be set to 1 among a set of n^ variables. 
An aXgorltfaB for an integer prograa as of tbe one appearing 
in (:>.^ ) should exploit tbe structure of t> e aultiple choice 
oonstraiBts. for sxaaplsf they d4:':2te obvious branching rulee 
in an sooaeration and natoral coi^atralnt feaelbllity teste. 
14/ 
and tbiOr oaa b# bandltd isplioitljr asiag a teohniqiw oaU«d 
g«iMr«Ils«d ttpp«r bounding (i^ asdon (1970]} wb«n lioaar progra-
wolng i 0 OMd. 
(b) ifat Prtttoft gtMH ftffl?\«i: 
Tliara art ntaMrooa altaatlona in ufaioh a aatarial oosaa in 
standard langtba and omot ba oat up aooording to raqairananta 
and 000^9 (or profit), rhaao inolodt goods which OOAM op in 
r o l l s (s ,g . papaTt flhaeft aa^alst and taxtilee) as wall aa laan 
flaxibia natarials Ct.s. gXaest natal, pipe* and otbar tubing). 
(1) J&? 9flfl PJaW g^^ ftfil^  Qm : 
Coaaidar tha oaea In nhioh only atraight •artioal osta acra 
alloaad. l iat is* aaoh standard langth or t o l l i s to ba si load 
into lengths ^ ( i" l , . . . « ! i ) . Ttmre i s no liaibation on tha 
ntaber of piaoes avalabla of aaoh langth. All stooksd piaoas 
have tha aaaa irldth. Tha cutting atook problem ia to out up 
r o l l s of the oatarlal so that tha demand SOT tne noiribar of piaoes 
of each length ^(i"l,.,,9ffl) i s satisfied while tha total 
cost of th^ ro l l s used i s mininisad. 
Tha probl«B oan be repressed as «»a integer program tiy 
lett ing ^^ ( ^ l f . « i m ) » to '»e m t^iiber of pieoas of length ^ 
i 4 d 
dMMUid«dt XA (J^If..* n)t th« ntasber of times the jth outtizK 
pattern Is ueed (•ao'tx tiiae to cut 19 a rol l ) , o^ t the ooet of 
tbe roll from wfaleh jth out ting pattern Is out:, and ^^A, tha 
nussbar of plecae of length |^^  prodiioad each tlae tba jth 
OQttlng pattern la uaed. Tha oottlng atook problem la than 
Blni?nl8a ^ O4 X4 
a 
enbjeot to £ a^ ^ Xj ^ K^  (i«»lt...ta) 
Xa > 0 and Integer (j"l,...,n) 
?he obyious difficulty with thla foraslatlon la that x^  
la reatrloted to Inte^r valtie«« ao that for a large nuolber of 
varlablee the i^ roblea Ttay not be oomputatlonally tractable, 
inotbar difficulty le tiiat It 'naiy be Istpoa^lble to enoaerate 
al l the cutting patt«rne in advanoe. 
Clltoore and Gooory aooooat for these diffleuitlea a? 
foil owe : 
Firstt drop tLe Integer condition on x^  so tliat the resulting 
problen baooaes a regular linear prograa» then round the optical 
continuous solution in sooie apiHToprlate aanner. Se.^ ond* Instead 
of enuaeratlng all cu ting pattern* In advanoot a pattern is 
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considered only i f It i s promisiog ^ros h^e view point of 
Isrprovln,'; the linear prograomlng solution. Hde le where the 
Knapsaok nodel proves valuabls. 
?he linear prograMraiag procedure developed by &ll«ore ^^ nd 
GoBorsr (i961J, {i963j i s a standard revissd sliaplsx algorittaM 
in whloh the ooltan that eaters "^ ha basis i s found by solving 
one or nore Knnpeaok problsits. Conpotational experiences 
indicates that a specialised eauBeration alsorltfam appears to 
be t;be best way of solving tbs Knapsack problems. 
appose now that we have the saae problem as before except 
that e^rai^t wid^ cots are allowed and H^  i s the deoand for 
the ntn^er of reotangles of length ^ and wldtb w .^ However* 
becauee o? "-he added diaension the ooltnn (cutting pattern) 
generation soheoe can not longer be used. «<'ithotit expllolUy 
encBae3:*ating a l l the col nans t the linear progr an (henoe the 
integer prograa) can not be solved. 
A related problea i s o^ ignore the deitand constraints and 
find auttlng patterns wUloh aaxisize the value of a roll when 
it i s out up into rectangles oT &lv^ sn s isee. In particular. 
1 vl J 
wt wlmh to 
wbtri a i ^ f . t 1^ ar« nonii»gAtiv« lnt«g«re fooh that ':h«r« 
•xists a way of dividing a rectanglt (roll) (-'^ w) into a|^  
rootangloo ( ^f^f) f^ o • !#;.•» m and each rontanglo a^  has 
a Talao p^ (i""l«...,•). 7bt oaoo whare tha oats ara altngro 
oontinuad to tha and of tba axiating roll (tarmad *^aillotina 
oata") ia axtanaiTaly diaoua^ad \if Oilvora and Goaoxgr [^963]• 
P-966J. Algoritbaa for thio problaa whioh taka adTantaga of 
oartain propartita of fiaotion f(L,w) ara alao pranantad. 
Tba fanotien 
rn n 
f(x)" •azl £ O4Z4/ £ a.x. 1 b.tX. ^ 0 and intagar 
(J"l»...tn) , 
ia aoaa tlaoa tarsad a ona-dlaanalonal Knaqpaaok funotion, 
fCLyW) ia taraad a tao diaanaional Xhapaook fonotion, Rropartiaa 
of otta«^uid-tifO«diiMnaional fonotiona ara diaooeaad in Oilaora 
and Goaoxy t^ 965]f &96€j, Jdaon an anuaaratiTa prooadura for 
tha intagar progran rapranonting tha ona-dlatnaional oottlng 
a took probloB ia praaan tad b/ Piaroa [l966jt and a Danrlatio 
I') J. 
taohniqiM for the tvo-^Hatnalonal oase It glv»n hji Art |l966]. 
3.2.2 Rgdi^etion of IntaMT iJcobU— to KOftpaaok m&mU : 
(Aggr«gatlng Conttraints) 
A tystta of liooar oqaatlon with inttior oooffioionts ean 
QBually ht tranftfonMd to a singla linear aq oat ion whloh has 
the same sat of non-nagatiTa intagar aolationa ae tha parent 
equations. "Fhie means that ths oonatrafeiits of an integer prograoi 
oan f irs t be transformd to a single oonstrcdnt and the integer 
prograa oan then be solved by solTing the Knapsaok problea. If 
the resttltlhg Knapsaok problea i s easier to BOXTO than the integer 
progrea and i t s oonstruetion oan be aooo^pXifihed in a reasonable 
ttBOont of tlMSf the transforaation i s worthirtiile. 
Consider the • linear equations 
n 
Z aj^ j x^  - b^ ( i - 1 , . . . , « ) . . . ( 5 . 1 ) 
with eTery *£j«°A b^ integer. The problea is to find weights 
«]^ ff...fW^  so that every nonnnegatiTe integer solution to the 
single equation 
n 
j«l '' •' 
a a 
where a^ " I w^ a^^ (3"lt...fn) and b • Z w^b^ , is a solutbn 
to (5.9). ObMrvv that, ainet tli« constraints (3.1) laplj (5.2)» 
••«ry ttonHBsgatiVi intogor aoltttlon to ($.1) la a •olntlon to 
(5.2) • For arbltrazgr wolgtitst bowovor, tlio set of non-osgatlTs 
intsgsr X " (X^I.. .»XQ) satlsrylog (5.2) le osaally Largsr than 
ths sst satisfying (5.1). 
A thsorsi originating In iiithsws [1897J Indioatss how to 
aggrsgats tso aquations with poslMvs oosfflcl^ts so that ths 
non-oagatlvis Intsgsr sst doss not snisrgs. :^  Is thsorsm snablss 
OS in rsdooing anltipls ooostralnts problsas Into a slngls 
constraint. 
JiitteStBI • (nothsws [1897]) 
Considsr a srstsa of two Ilnsar sqnations 
" ^ ' A *^ ^ *3"*l ...(5.5) 
n 
^. "bi «4 • ^9 . . . ( 5 . 4 ) 
" A ^^ ""^ " 2 
with strictly positlTs Intsgsr oosffiolsnts a^( i» l ,2 , and 
j " l f . . . t n ) 
(a) If thsrs sxlst flon^«sgativs valnss 3Kif...,x^ satlsflng 
(5.5) and (5.4), than 
1 iO 
(b) If w i s Mgr poslti'w lBt«s«r •ooh that 
th«n th« solatlon t t t of (5*3) «Bd (^•4) In non-Btgativt inttgtr 
•arlabl«8 Is tbs saiM a« that of tb« •lasl« •qoation 
•^ • Wig • bj^  • wbg . . . ( 5 , 5 ) 
•nd a^j > Of 'o>^  ^j ^ ^ ^^  follows that ^2^i ^j ^ ^1*2j'j* 
SiMoing oTor j yioldo 
for ovtzy Xa 2 o. Bott h^ r tagrpotliosiot th«r« lo at loaot ono 
non«<Mtgatlvo aolotlon i£ to (5.3) and (3.4)ff so that 
j i l*!^*?"^ •«* ^ il •Zi *? " 2^ 
Sabstltotlae in tho last inaqoalltj prodaoee bgb^ < b^ bg t 
vhioh la a oontraaiotloa. 
(b) i^r acgr oolutlon to (5.3) and C .^A)* «re haro o^  « b^ anfli 
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»2 " ^2* ^^°^ meanm that wtg * 1^ 2 ^'^ ^i*"""^ " ^X'*^2* ^ 
It i t a solBtion to (9.9), % prova tba oonvereat oonaldar angr 
noo-ciesatiTa intagar aolotlon z? to (^.5). I^ It Is not an 
integar aolotlon to (5.5) •oA (5.4)» than Sg 9^  1^ 2* ^®°"^ ** ^^  
Bg * ^2* ^^  followa that wag " wbjt and onbtraotlng in (3.5) 
y U U t • ! • ^ . I^ 
than thara la a non««aro Intaliar q aooh that 82"* h2 '^  q. 
SQbatlttttlng bg • q for Og In (5.5) (with x^ - x® )^ yUldo 
•^ ••• w (bg+q) • bj^  • wbg or a^  • b|^  - »q, iVa ohow that q anot 
ba flaro. Siaea tha ooaffiolant m^M ara poaitiva» 
Oj^  - bj^  - aq Z 0 
for aqy noB^4iaiatiTa (iiitagar) eolation; 
For q > o» b^ • «q J^  0 lapliaa bj^  ^ aq > b^ q^, or 1 > q» 
whloh ia a oontraAiotion ahara » > b|^  foUovo froa tha fagrpo-
thaaia and (a)f axid ia uoad to obtain «q > bj^ q. 
Whan q < o, i t auat ba -It "£» *3 ato. t§oA thoo 
a^  * b^ - «q inpllaa o^  ^ ^1 '*' «• ^at» by dafinitlon. 
II > ^2 
15J 
•ad that v«2j ^ ^2^j ' ^ 4 •* l>t...tB. Btoltlplying both 
fides by X4 and saving yUlds wig > ^2*1* ^^°^* ^1^2 ^ ®» 
this laplUf wi^  > bjSx * ^1^2* Sobvtittitliig •!. 2 ^1 '*' « 
Biy9 wSg > «b2"* ^ "2 ^ ^2* ^"^ "2 " ^2 '*^  '^  '^ '^  a < Of 
•0 2^ < b2» bcfuw a oontradlotlon. So q oust bt 0 and th« 
th«or«a i t proved. 
Uitbewe obeexred tbetlkile theerea o«n be applied to tee 
•qoatione with nonHiegatiTe (bat not neoeeearlly al l positive) 
integer ooef^ioients by first replaoing thea with the pair 
•l* "2 • h *^2 . . . (5 .6) 
Si • 2S2- bj^  • 2b2 . . . (5.7) 
Equations (5.6) and (5.7) have striotly positive ooeffioients 
sinoe tbey tir9 or the fom •xj'^agj ( ^ (5.6))» or a^ 4'*'2a2j 
(in (5.7))t and for eaoh j (j*'lt...tn)t m.^ > 0 for at least 
one i ( i •" it2)« Thost thess equations oan assuae the role of 
(5.?) and (5.4) in Methevs' theorem. Also, note that any 
solotion to (5.6) and (5.7) i s a solution to (5.3) and (5.4) 
(and oonrersely). Bt> see thist just sol>traot (5.6) froa (5.7) 
1^0 
to obtain Sg " ^2 •** ***''^ * *^ (5.6), w^ « b^. 
Slaasbraby ^^^ ^ ^ |i970j hare further zu)ted that Me thews' 
theorea can be used to aggregate a system of equations (3.1) 
with non-Hiegatlye coefficients by reourslyely using the cons' 
truotlon (5.6) and (3.7). That Ist the first two equations In the 
system are replaced by (5.6) and (5,7) and then aggregated. The 
aggregated equation becomes the first equation and replaces the 
first two, so that the syste'n now has one less equation, rhe 
profess Is then repeated unltl a sli^  le equation is left. 
We can also use the abore palrwlse aggregation process on 
systems of equations containing negative coefficients so long as 
upper bounds on the corresponding yarlables can be found. In 
particular. If a^^ < 0 and It Is known that x. < u. (some 
positive Integral upper bound), then substituting u.-Xj for s 
X. Is constraint 1, where the complementing variable ^u.-x^, 
changes the sljgn of a^ ^^ . Notloe that this and the requirements 
In Hethews* theorem mean that any Integer program which has a 
bounded linear prggrammlng feasible region with at least one 
Integer point oan be tr2Uisformed to an equivalent Knapsaok 
problem. 
^ - » . -^  
(U) 4^ jfffM^** A«ar«itation Pgoo«a« (Gloy«* [1372]) 
Thfcf fM : Ooasld«r a syottB of two •qoatlont 
where all ooeffloients (ftMi V|) &!*• in^ese^Rt and at least one 
of b^ and ^2 ^^ ^ ^ eero. Let w^^ and w^  ^ relatively prim 
(noosero) integere (their greatest ooonon divisor ie plos or 
minus I ) . If there exiffts at least one nen -^nee t^ive integer 
soltution to (i) and (ii)ff then every nonnoesatiTe integer 
solution to 
"l*l * ^2^ " *lH * "2^ 2 ..•(5.10) 
is a nonnaegatiTs integer solution to ($,8)and (^.9) , and 
oooversslyi provided that 
*1»13 * "2*23 i i ^2^3 • h"2i i . . .C5.ll) 
for j " l». . .9a and (5.11) holds as a strict inequalitj for 
j in J, vAiere J i s aiv aon.'-miptj subset of l l , « . . 9n | snoh 
that al l non«aegative solutions toC5.10) satisfy Xj > o fbr 
l,)6 
atleast ona j In J, 
aaaX: Clearly (5.8) and (5.9) loply (5.10), so that •••ry 
(non-ncfatlTt Intagar) •olotlon to (5.8) and (5.9) satiafles 
(5.10), 'To allow 6ha oonvoraot soloot apjr nonMiogatlTe iat«gor 
•oltttion X. (j"*l»...*n) to (5.10) and ml^iply both sldoo of 
(5.11) by x^  « jxjl, 90 that 
Suoaiog tho last oxprosslon ov«r j gliros 
• i h * "2^ 2 ^ ' ^z'l"' ^1*2 *^ . . .(5.12) 
wfaare the otriot inoqoallty follows from the do finitio a of J. 
How siqnpoBS Ui ¥ b^, which loplios O2 '^  ^ 2 ^ * ^ irioo<^«rsa). 
Than let a l id P be any Integers soeh that 
8^  • bj^  ••• o and ""a " *2 " *' 
?or the ottrrent Integer solutior., w^ s^^  * W282 " **i.^ l'*^2^2* 
Snbatltutlng for S|^  and Sp yields 
* l V n * ^ »2^ 2-^ 2f^  • "1^ 1 "^  "2^ 2 • 
thne* wj^ a • Wj^ . But , by l^ypotiieslat w-j^ and Wg are relatlToly 
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priM, Hiiio«9 for fUm Uwt •quality to b« tr^9 a > qwj laA 
P» qw^f «h«x« q is aa iiit«B«r» This fioUows btoaaM ^(«|^A2)fti 
•ad w /^wg i s not sa ia%«s«r« •• onljr mgr for ^ to &• «a 
iat«g«r is fdr a to b« a noIt^U of "2* ^ sinilar •rgWMat 
osn b^ mate for p» Siiibstitatiat for a aod ^ in •zpr^sslono for 
9^ and S2 s i ^ s s^ " b^ • q«2 *BA ^2 * ^2* ^^1* ^8*** *^^ ^ 
two inaqnalitioo in ($.2) giv« 
•tiioh iwans that [q) " • or q " o» a»d ciius a^  " ^1 **^ 
•2 * b2» oooipl^tiag th9 proof. 
tho th^or^s liiplias by (5 •12) that Wj^  and W2 b« oho ••a 
so that w^^ * wgbg > •• Alsoa by (5.11 )• tha oooffioi^nta 
ia (5.10) (i.«« w^ti^A * «2'''2j for j • l9«*«f a) ara nonnogativ*. 
?harofors» •vary iioa-o«gativ^ integer aolutlo/i to (3.10) nust 
havs 3(4 > 0 for at laast oo« j abwr^  i ts ooo.^ fiQlont la 
(5.10)t wj^ aj^ j '*' «^*2j» "^ positive. Oonasqu^atV/, tha set J 
oaa consist of thos* j for which ^ija^ *• «2^j ^ °* Condition 
(3.11) also ioq^Bss sons additional rcstrio;:ione on ths 
oooffioionts la (3.8) and (5.9). ^ (3.U) a suffioisat, bnt 
l i j O 
not ii«o«e««ry« oondltioa ter tte •zl«'^ «no« of rdlativtly prist 
wtightt w^ and Wg i t that ooaffiolantt a^ ^^  ora non-aagatlTt, 
ainoa «a can than taka *}. " «^ ^^i* <B^ i^ ^^  yiala tha aggragatad 
aquation with ooaffloltnta af laallaat iKignlt^ adat altboagh i t 
doas niaqplity tta oo^ [>iita%iaiis« 
An algorittaa for oolving the KaapMok problea oan asuaUy 
ba dasiiriad aa a dynaaio progroBming taohnlqaa* a branch and 
boaad anoaaratioa, a Lagrangian anltiplitr niathod» or a network 
aathod. 
DyuMiio prograaning taolu^oaa oan ba found in Balaan (1956] 
and Dantalg |l957]. Branch and bound algorithm for oolving tha 
Knapeaok prablaa ia in Qraanborg and i^tgarioh |l970], and 
Kolatar Q.967J. Lagrangian aultiplior aotboda for oolring tha 
Knapoa k problam ara discUBfiad in Braratt @>9633» and Brooka and 
Gaofrion Q.966J, liataerk approaohas for solving a Knapoaok probloa 
ara in Shapiro Q.968], &97iJ. 





•abJ«ot to £ «i4 • *i (3-lf . . . tn) . . . ( 5 . U ) 
l"l ^ ^ 
n 
S ' i j i V l ^i"^*-.*") ...C5.15) 
• i j "^  • *^^ ^ ^*^^ . . .(5,16) 
and z^ • o or 1 ( l" l , , . . ,") .. .(5.17) 
«b«r« th« sodtl r«pr«P«nts %bt alttiatlon in which tb«re ar« • 
plants that prodnoo a slngla ooaBaodi^  for n ouotooMrs, Eaoh 
plant 1 oan product at -aoot Mj, onlta and oaoh :;oatoatr j 
roquiroo d^  iinito» f^  io a poaitlTo fixod ooat asooolattd 
with plant It and SM !• * poaltlira p«r unit shipping ooot fro* 
plant 1 to ouatOBMr j . Tba rarlablea aro B^^ and X|^ t «hioh 
rapraaont tha aaoont ihlppad £POB 1 to j and whathar a plant 
la opan (z^ " D or olosad (z^ * 0) raapaotivaly. Tha atrontnra 
of tha problaa aosgaata oavaral asofal raaalta. 
In 1954 llirooh and Dnntsls formulatad tha ganaral fixad 
charga problaa. Othar fomulationa inolada tha flxad ooet 
transportation probloa by Balinskl |l96l]» and tha plant looation 
problaa by Balinskl (19643 and by EfToyason and Ray j\966]. 
1 ; ) ^ 
Algorltlas tor tboat aoA i«lat«d problwas Inolud* tha 
tsoMratlT* t«ohnlqM8 apittariog in BroiA Q.9T5j» David aad 
Rajr ft969j, Bflroyaion and Rar l|966j. Gray (l967j» [l977j, 
Jonas and Solaod )1969|» Ihoanwala Q.972J* HarB^ an [1972], 
PinkUB, Qroaa, and SoIanA |l973l» &« &^693, Spltlbarg g964j, 
Q-969j» (1969]t and Spi«Ibtrg ^970]. A partitioning algoritha 
i* givan bj Balinski and lolfa Q>963jff groop *^haoratio tootaniqnaa 
99% daooribad by Kannington and TAogar S>973jf aad by Joapkina 
{1971] and lagrangian Hultipliar approaotiao ara giran by 
Gaof^ion |i979j« Houristio pvooadoras ara in iraour aad Bnffa 
[I965], Bainoki |19«13, D'964j Baoaol and wolfa 0^968j, Coopr 
[1964]. Coopar and Brabao &967jt Danslar 0^969j, Bxyodala and 
Sandiford [l969j* BfOrar &966j» Foldnan, iohrar, and Ray 4l9663» 
KDohn and Baabiirgar b.965L Kotan and aatnol [i962j, Muant 11964], 
Sa |i969j, f^ hannon and Zgniaio O-^ o^J, and Stainbarg |l970j. 
RaoantLyt Rosa and Soland |1975] pronantod a braneb and 
bound algori^ia for tba gonaralizad aaoignaant probloa whiob is a 
ooaputational atndy of ttao fixad oharga problan. A ooapatational 
fltody of tho fiiMd oharga transportation probloa with a branoh 
and bound oodo is glvon i s Xannington 0^976]. Halatad aozk inclodos 
i b o 
K«Aningtoa and tftigor [1976]» Waktr Q^76], Flsk aad lfoK«oim 
Cl979j, noSaowa fi98lj and Sahl 0-98$]. 
Ont teohalqut for oolvlng ?lx«d Charge ?robL«B in by a 
•tralghtforward branch and boqnd anrnMration. Slaoa tba llaaar 
pTOBTsm allow tlia f^ roe x^^ Tariabloo to vary botwoon • and I 
tfaoy are not tranaportatlon probloao, and the* h^ay 1 ava to ba 
aolvad by a atandard aii^Iax aathod. Sf optional tablaae ara 
kaptf aoooaaalTa problaaia nay ba aolvad by slapla poat optlaa-
l i ty prooadoraa. tn aalaoting tlia dangling noda to oraata nodaa 
froBt two obTiotta atrataglaa ara (1) plolc tha dangling noda with 
h^a lowaat lioaar progaaoning aolotion* and (11) aalaot tba 
•oat raoantly oraatad dangling noda with the lowas*- linear 
prograaning aalotioa. Criterion ( i ) ia intended to obtain the 
optiaal nixed integer eolation aa qoickly aa pof>nlble; writerioa 
( i i ) allowa for a ei^pler bookkaaping aohene to keap traok of 
the ennneration and tteually required laea conpntar atoraga, 
Onoe the dangling node haa been aeleoted* a yariable ehloh 
1 b t 
!• at a ftaotloiial valaa in ita llaaar pzograaains aolatloa 
Baat- be aaleettd to wt 0 moA I ao that tao nav nodtv ara 
craatad. Ona rale>%ia to aalaat ttaa allglbla variibla X|^  whoaa 
l»Iaiit haa tha largaat oapaoltgr \ , Tha intant la to obtain a 
alxad Intagar tolatioA qalokljr* Ai tha flzaA ooat for hlght 
oapaolty plante maj ba VTJ larga* aootbar orltarlon la to plok 
x^ 80 that It ylalda tht Mallaat yalea of t^/H^9 thla ratio MJT 
ba thought of aa ttaa par unit produotloa ooat at plant 1. Kota 
that orltarla InToWlng tha oapaoltgr ^ looa aaaning whan aolylag 
tha plant location probli«. 
If a good aolotloQ -^o tht olxad Intagar prograa can ba 
found aarljt It will natr&ally ourtall tha lang^h of tha 
annaaraftlon. Hota that whan ttaa x^ ^ varld^laa whloh ara at 
fraof;lonal valQaa In l^a Ilna&r prograa^ Blng aolntton ara 
roundad to I» wa hora a aolation to ttaa flxad oharga (or plant 
looatlon) problaa alnot tha right hand elda In tha oonatralnt 
(^«15) Inoraaaaa. Also, ohaarva that an Intagar aolation to 
probloB 9CP axlata whanavar a anbaat SC l , « . . , « |of tha 
plants ara opan (that Is* Xj^  " I for 1 e s) so that thalr total 
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oapaol^ tzoMde th« total AtMBd , (This Mtiaes that craxy 
opan plant oaa ••rrloa all tlit oustoaara. If thia Iv not ttia 
oaaa» mora plaata than tbeoa In 8 aaj hara to ba opanad) that 
n 
is* ^ tf4 2 ^ d4« R^Mia ona «i^ to obtain a aolatlon la to 
ICS * 3-1 5 
opan a alnltinm ntadtar of plants (s) ao that a l l tha AaaanAa oan 
ha aat and tha total flxad ooat (for tha total valoa of f^^^) 
for tha plant opanad la ralnlalaad. 2ha valnee of tha ahlpplng 
•arlablaa Bs* oan than be found hj aelvlns the raanltlng 
trana^prtatlon pr<>blia (abare X|^  * I ^ r 1 C s and x^ * o 
for I i? s ) . 
(o) A Braaoh and Bonnd Algorithm fag th^ giant loaatlon fft*f\f^r 
Hha afflolanojr of a branoh and botmd algorithm largaly 
dapando on bow qulokly tha llnaar programa oan ba aolvad. Whan 
aaoh plant oan aatlafy a l l oaatomer damax^, It la posalbla to 
raformolata tha plant looatlon problam (5.13) through (3,17) 
BO that tha llnaar pre .rama oan ba aolTad b/ Inapeotlon. fo 
tranaform tha problam* dafloa y^j to ba tha fraction of 
ottstomar j*8 demand aatleflad by plant 1, tha' la 
^13 '' "IJ / * J . . .(5.18) 
1 r> n SG 
for al l it J. B«for« aaklng Alrtot UM of (3«^ )^» w« first not« 
n 
that wlMii II4 ji £ d^  (i">lt...t B}t th« inequality (5.15) ie 
* 3"1 «' 
only nooesoea^ to ononro that eihipaonts are not alloiwA from a 
oloMd plant. Thia allows ae to roplaoo oonetraint (3.15) by 
E y*. i ax. ( i-l , . . . , iB) . . . (5 .15)' 
J»l *»' * 
•inot x^ o iapliea y^ j^^ o (i"lf...«m) and thas no demand will 
be satiflfied by plant i . Sow, sabetitoting y^ .^ da for E^^ in 
expretulone (5.15), (5.14) and (5.16), and letting Oii*8«i*j 
yields the eqaivalent plant location problem 
a n ta 
(PLP) nitt iBise E ^ 0*4 /«< • ^ ^4«4 . . . ( 5 . 1 3 ) * 
i"l 3»1 *3 i3 |^ «i i * 
m 
rnvtoi^ot to E y . • 1 (3 - l , . , . ,n ) . . . (5 .U)» 
i"l ^ 
n 
J i ^iJ ^ °*i ^^•^•••••«^ . . . (5.15)' 
y^lo (all i , j ) . . . (5.16)' 
and x^ - 0 or 1 ( i" l , , . . , a ; . . . (5.17)' 
Ptobleo PLP with x^ * 0 or 1 replaced by 0 ^ x^ ^ 1 ( i« l , . . . , « ) 
niey be solved by inspection, in partioular* every optiaal linear 
prograaaing soLutloa will satisfy the constraints (5 .U) ' , and 
1^7 
as f|^  > o» will hav« ttit •sallest noiiHitgQtlvo values for 
Z|^ C l»I , . , . ,a ) t so that th« oonstraints (S.I^;* «re satiafltd. 
I!herafore« at any linear prosraamias optiaoa 
A'« 
" » ^ \ ' « 
( l " l f . . . f « ) 
Sotbstltoting tor x^ In the linear program yields 
1-1 ^ l *3 1 13 ...(5.13)' 
sahjeot to S J n " 1 Cd-lf...tn) ...(5,U)» 
and y^j i o (all I J ) ...C5.16)* 
in optlaal eolation to this problen Is 
1 if 0|j*^ |^ /*^  "ninimun Ccj^-^Ij^n) 
0 othsr«iee 
for j "» l*«».in and thos 
...(5.19) 
1 ^ X • 4 ^ y (1-1...,,a) 
Kacprvssion (3.X9) can b« itn^allMd ao that ';h« linear prograaa 
which appaar dnring a braaob and bound anooBratlon may alao ba 
polvad ^ iBBpaotlon. At aqgr nodot Xet I^ » I^^ and Z^  ba tha aat 
0^ Indloaa 1 auob tliat x^ la flxad at Ot flxad at It and 
fraat raapaotlvalor. Tharafora tba Ilnaar prograa LP^  baooaaa 
tt n 
anbjeot to <£ 1*4 " ^ ( i"lt . . . tn) 
and y i j i » *^J-1 it^.t fl lo^ 
An optioal aolutlon to thla problta may ba writ ten aa 
'a 
I it o„*(. iM)' alataoa (o^* j/n) 
iceijDij 
0 otbanrlaa 
for 3-l». . . ,n and ...C5.20) 
«bar« 
p fjp If x^ la ftpoa (k c I^ ) 
k " 
0 i^ 3C|g io ^^ Lzad at I Ck G I^) 
X ~) 3 
Using (5.20)t fim titmsE programs are solved by inspeotion, 
The other ingredieats in ttae branch and bound entaasratlon (e.g. 
node and branch M^«otlon) art eseentially the saat. Notloe that 
BOltitlons to ttaa plant location froblea may be found by partition-
ing the set of plaAte l»,. .v« 1 into "^ he eubgeta I|^  and X and 
neing (5.20) with I^ null» I!; ia not; olear !iO& !x> ohoooe I^  
(which most hove at least one element)* so that this heuristic 
prodiKses a good solution. 
5.3.2 ?Ht POOffiftMi^ fl^ d ,fteftt>gQftU9fl ftTft^iita (A QoB»«ft^ fciqi^ |. 
S2BSSitafiS) 
Ef^oyason and Hay [19663 report that tiGlr branch and bonnd 
algorltbn wan able to solve a nnDd>er of !^ 0 plants and 200 
oostoaer porbleas. ?he airarage ooaputer tine WJB 10 minutes 
on JB:X 7094. Ih addition, Jain 11^72] bae sujoessfully SOITSA 
several 39«iplant and 63«-ou8toaer probleae usln^ Kfroymson and 
Ray*e method. Solution time ranged from 1 to A3 minutes on 
IB!I 360/44. A searoh enumeration teohnlqoe which has a genera-
lised origin/restart oppaoity aud a very sOi'hisQioated point 
algorithm mae developed by ^Spielberg 0-^ 6^9], ^OtB] Computational 
experience is reported on numoroue problems^  ranging in else from 
1 I 0 
20 plants ana 55 oostooMra to 100 pLa&ts and 150 ouatoaiarB, 
Solution tiiM ranging betnoen I aiOBto on BM 360/4t coapatar 
for a 20 by 55 problem to 60 ninntaa on ZBK 7094 for a 100 by 
150 probloB. 
CioohtttOf Swanaon* Laa and toolaay Q.972] raport tftiat thalr 
amtaaratlTe algoritta eolvad tan problaae vhoaa also raagad froa 
5 planta and 72 oQaeoaarfi to 50 plant a and 50 ooatoaara. TJaaat 
ualng a FDP 10 ooapatar* ranged bataaan 1.75 oaoonda for a 10 
by 10 problaa to 25 aaoonda for a 20 by 50^ problaa. Tha anaaa* 
rativa algorlttaa davalopad by Maratan [l972j aaa applied to tan 
100 ottetoaar problaaa with 8 to 16 planta. Except for thell6 by 
100 problaa, ahieh tha algorlttaa failed to BolTa» the baoriatic 
oaed to obtain an initial aolotion prodnoad an aTaraga error of 
2 y, and, on the averaget raqoired 2«2 aeoonda to obtain. The 
aireraga eolation tlae for tlie aine eolved probleae aan 12.7 
eeoonde neing a CDO 6400 ooapatere. 
A branoh and bound algorlitlui for a plant looa^lon type 
problea where the deaand oonatrainta (5.14)* are replaced by 
n 
i •ij ^ii ^ ^i *i (i"5^»...f«) ...(5.21) 
1 T 1 
1^1 
it glv«n by Brown D.973]. In Intquality (5.2l)t a^ j^ and b^ 
ar« nonHBegatlvt known constante* tb« J^A are z«ro-on« yariablet, 
and th« Tariables x^ ^ may take on ai^ noa-oagativo integer valne. 
Using a UNIViC 1108 oomputer, five probleoBs ranging in eiae from 
10 x^ Tariablee and 100 y^^ variables to 19 x^ ^ Yariables and 
950 y^j Tariablee were eolred in about 36 aeoonds eaoh. A heuristi 
used to prodnoe the flret solution gave an average error of 12.2 y! 
5.4 THE SB? 00TKR1K6 IR03LEM 
The set covering problem (^ )^ is the tE«ro<-one integer 
prograa 
minimise ox 
subjeot to S x 2 e . . . (5 .22) 
and Xj • 0 or 1 ( j « l , . . . , n ) , . . (5 .23) 
where S "• a^|^ a) i s an m by n matrix whose entries e^ j^ are o 
or 1, o * (Oj) (j«lf...ffn) i s a cost row with positive oomponentSf 
X •> (xj) (j «* I f . t n ) ie a vector of Eero<-one variables, and e 
i s an m vector of (5.32)'a. If Ex 2 • constraints are replaced 
by the equalities 
- e . . .(5.22)» 
1 / w 
tb« integer progran la r«f«rred to aa a aat partltlonixtg problaa 
(SP)« Hota ttiat* in aitbar oaaa. tha oonatralnta (5.23) ara 
aqalvalant to z 2 ^ n^d Intafart aioee la acQr mlniaal aolution 
tbasa ooBditlofiff iaqplj Xj " o or I for j • It«.»n C^lo 1« 
aTldant in the set partitioning problem. I ^ tba ae - covering 
probleay aappoaa x ia optiawl and i t bae a oonponant Xj 
greatar than 1. Tben z^ O«A be redmctd to Taloe 1 and tbe 
oonatrainta (5.22) «re at i l l aatiafied, aa tbe ooata are poaiciTei 
we have an laprored aolotion oontradioting that z ia optiaal). 
AlaOf i f «e think of tba ooloana of E and a ae aetaf the aet 
ooi«ring problem ia equivalant to finding a oheapeet union of 
aeta from E that oovara every oo^^nent of e» where ooapooent 
i of a ia oovered i f at leaat one of the aeleoted aeta (oolaana) 
from B baa a I in row i . Ih the aet partitioning proble«t we 
aaek a oheapeet onion of die joint aeta teom E whiob oovere e. 
The aet ooTaring and the aet partitldoJLng probleaa ara tbe 
repreaentative of noBerooa real world aitoationn, I^ eoae of the 
applioationa* in addition to the tfonatrainta (3.22) or (S.22)* 
and (5.23)t a third aet of eenetraints i^ ppeara. Theee oonatrainta 
are often of tba font 
' - J 1 1 ^0 
L^ DX i U , ...C5.24) 
«|i«re I) Is an • ' Iqr n non-negatlvt Matrix having row diagonal 
•troottira, 1 i s a non-oegatiirit •* vaotor» and. U ie a potitlva 
«* eotor. Tba inaqualitias (^.24) ara oometlMfl refarrad to aa 
basa oonstrainta and a prosraaning problaa with (5.24) or (3.22)* 
(3.25)» and (^•24) ap a t)a«a oonatralaad aet cop^ring ( or 
partitioning) problaa. Baoanaa of the extaneiva applioability ot 
tha aat oovaring and aat partitioning nodal* convidarabla affort 
baa baan deTOtad to deraloping apaoial porpoaa algorithna ahioh 
taka into aoootmt tha poaitiva ooatet tha saroH>na constraint 
aatrix* tba right-hand sida of C5.22). 
Cartain natwex^ problaaa oan ba BOdaLM aa a aet oo^ring 
or aat partitioning problaa with a partioular E oatriz. Tha problai 
and fomulatiana ara in Balinaki [X965J* Balin^i and Qoandt (19643, 
Ballaorat Oraanbarg and Jarvia {ISTOj, Ballnora and Ratloff (|971j, 
and Garfinkal and Raabatiaar ^972j, Q?723. For h^a set oovaring 
and aat partitioning problaaa antmaratiira teohnlquaa ara daaoribad 
by OarfiAkaX and Haahaueer (X969]t ||970], Cuba (1973J. ^mycrn, 
Salkin and Spialbarg (l97l3. Originally this algoritha ^ppaarad 
in Salkin |l969j, »teratan JL971J, (l972], r^chaod B972J, Piaroa!^ 
17-* 
and PUroe and Uslor 0.973J. Cutting plane techniqaas are 
Aeaorlbed by BeUnore and ^ t l l f f |l97l3« boee, Kelson, Ad 
Rado Il966j, and Salkin and Seneal [1970], (l97I]. A groi^ p of 
theoretic prooedore le in (Ihires [1969]» and beurletlo netbode 
ere given by IjsnlBlo anA Jfernett 01972] and Riibln [1975], Aleo, 
a elaplex type prooedore* baeed on a result conjeotojred by 
Andrew* t^offtoan and Krabelc ^968]» hae been forsiulated by Balaa 
and Padberg 6.972], Q.972J. Survey artiolee <Seeorlblng application 
algoritbae and ooqputatione include Ballneki |l965]9Balin8ki 
and <3pielberg [1969Jt Chrietofides and Xorman {1973J > Oarfinkel 
and lemhauaer £l372j, [1972], and S-lin and naha [1972], 
Recent snooessfttl applioationa of the eet partitioning 
models are given in Uaraten and Sbepardeon [lj81]. A aoqputational 
etudy of the set oovering algoritbas using cutting planes are 
disousaed in Balas and iio (l'^^3* *^^ osnt work on heuristio 
^Igoritfaae for the eet oovering probleres inoluden Baker Q.981], 
•aeko and Wilson D.984], [1986], 
Certain problese one a network with undirected arcs (an 
aro shich can be trave>?ted in either dlreotloi) oan be posed 
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as •Itfaar a t t t oovsriog or »< set partitiosUng problem, wtotro 
tho ooBotralnt aatrlx baa ptt^loolar atrootnra, Raoall that a 
natwork I0 a oolleotlon of nodaa and area jolnlns thaa. An aro 
joining tba nodes r and 0 wil l ba danotad by (r,8) , wfaora r and 
a art oallod the end pointe of the ara« 
Define a oovar to be subset of aros in the network suoh that 
each node of tba network i s an end point of atleast one of the 
aros in the eabset, The simple covering problem is to find a 
oover with a minlmDm number of aros* 
do model the problemt number the arcs and let x^ represent 
the jth ero of the network, where z . • I i f tba Jth arc i s in 
the ooyer and Xj " o otherwise. ^ make euro that e ach node i 
in the network i s an end point of at least one aro in the oover, 
we i»2st have (^4 * I where the jth aro has m>d(^i as one of i t s 
end points. i!htis, define E •> (sj^-) by letting e ^ • 1 i f the 
i th node in the network i s an end point of the jth aro, and 
* i j ** ^ o^xarwise. %e problem of finding a ininimal cover i s 
then a set of covering problem in which the costs are equal to 1. 
Bote that i f tb«re i s a oo«t aaaooiatea vrlth •vexy aarOf «t baTit 
a alnlaal oost covariag prebiMi vhioh i s also a i^t ooi^rlng 
probl«a, 
(o) 1 ^ JfctgfalM ?r9frl«l^( 
A aatohiag tor a natwork !» a tuliaat of th« aro« in tbt 
x)atiK»rk 8U0h tbat no t«o oroB in the subset riava a ooonoa^Uft 
\ 
point* ?iiat if;, a aubsst of aros i s a oatohing if and only if 
•aoh noda in ths network has a' ;30et one arc in the ttidbset 
incident to i t , -be eiaple aatctiicg problen ie to find a satohing 
ahioh has a ma3Ci!]itt& nuniber of aros. 
"Oo oodel this problest «• define the binary varieiiles (x.) 
and bbe £ matrix as in the ainiaal covering problea. Is a 
naxinuB aatohing is sougbtt tbs objectivs function is to 
Muciaise ^ x^  and since^acb node ie to be t^ ie end point of 
at Qost one arct thesoonstraints are Ex ^ e, Thns the eiaple 
natotiing problem i s to 
MXiniss £ X. 
sobjeot to Bx ^ s 
and x^  • o or I (J"lt.. . ) , 
1 / / 
vhioh i s A set: ptrtitioniiis problMi with a naxlnlBatlon objeetl^ 
fimotloa. If th«r« 1« wiiiclit o^  aef00i«t«d urlth taoh arot tli« 
obj«otlT« ftaotion beoOBM £ o^  x^  and ^m hsen a waightad 
matvliiiig problM. 
(A) BUgftttawtito yftllw ^M^wirti <^ytgflifrtCTi,ftflfl..^afT4i,f\?7Pl) 
(>lyan a natwovkt dafina a path firoa a espaolfiad node a 
to a giv«a noda t as tba eolleotion of nodes and arce : 
»f %» l2» . . . t i^; t where » ^ l, ff i^ ¥ ...¥ i^ t 
St;9p08e al l the pathe in a ne^ w^ork are knoiin> ana aleo aaeme t 
bhere is a cost aaeooiatad with removing an aro tpom tlv network, 
%e problen is to find a set of ero«» whioh» if resoYed from the 
network, will dieoonneot all the paths trim s to t with the 
total dost of the removed arcs aininised. 
'So model the prohlem« nur^er the aroB and paths In the 
network. Define the binary variable Xj « 1 if oro j i s to be 
removed, and let x^  « o otherwise, l%e constraint mfOaeix i s 
found by lotting e^^ » 1 if the jth arc is in the j*-h path 
and Oj^ j " o otherwise. The situation is t:en represented by 
a eet covering problem in which the Ex ^ e icequallties eneore 
lis 
tbat an aro i s oaittad trou taoh path. 
In this situation, na hava to aaeign a set of • fllghta 
which Bttat ba floan evar a givaa tiaa pariod to a aat of H 
orawa ao that tha ooat of oparation la alniaiaad, f^ objaot to 
tiaa, saographJi oraw abilitTt and otbar limitatione, tiia 
ooB^lnationa of flighta fttmt aaoh oraw w^ '^ ake ara anuaaratad. 
Lot X|^ / ^\ danota tha tth aay that tba kth orew oan maka tha 
flighta, X|c(^ ) " I if tba kth oraw ie aaeignod t^e aariaa of 
flighta daaignatad In tho tth ooiibination, and ^^rt)" ^ 
otharwioa. Lot a^^^^" 1 i f tha ith *• flis^t lag ** can ba 
a8f>ignad to ktb avow in tha tth ooabination, and lot jjc(t)*^ 
otharwiaa. Finoa aob flight 1^ ^ ^uat ba asfti^ nad to ascaotlj 
(or at laaat) pna oraw, aa hava tha atandard conatrainta 
^ ^ •lk(t) *k(t) " (o^ ^ i ^ J- ( i » l , . . . , a ) ...(5.25 
K t 
whara ^{^y o or I and •^^(t)" ^ ^* *^ ^^ °k(t) ^ ^^ 
ooat of tha ttfti ooabinatlon of tha kth oraw. So the probloa ia 
to dataraina tha valia of tha variablaa ^^(^) aooh that 
^ ^ ^ ( t ) 'k(t) ^' •^ '^ ^^^^A '^ ^^ oonotrainta (5.25) ara 
aatiafiad. 
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H6t« atmt la this nod*! «• ueoally bove th» r«qaltwwnt« 
that taoh ortw bt aseicaed to only on* oosAjlnatloa or serlca 
of flights* Bsnos ths sddltlonal eoAstralnts 
^ «k(t> i ^ ( k - l , 2 , . . . , H) ...(5.26) 
t 
•ay appsar In tbs oodsl. Obserrs* howsvsr, that thass insqoalltlti 
are of the fom ^ ^ ( t ) ^ "k "* ^  ^ ^ ®^°^ ^ ' where Sj^  le a 
t 
nonwiegatlve slack variable which must ba or or I whaceiwr all 
tha 3Cj^(t)'' ^^'^ wloazy. Thas« If thasa oons^alnte are added 
and there Is an eqnalltjr In (5«25)t we s t i l l have a set parti-
tioning problwi. 
(f) Tgtt9^ ^ gQhttteUHH tWittttt lartflBMflt B9fi4l,)'. 
Ih this sltaatlon» there Is a esntral wflrebooee with 
trir^ k^s* and • ollents at different locations who have placed 
orders for goods at the warehouse. The problem Is to transport 
the goods by tracks to the onstoaers at a alnlmna ooet of 
filling the orders. Given the • orders» the possible delivery 
sohedoles are deterwlned on the basis of trook oapabllltles 
(a.g. slsa) and route oonstralnts. Tor eaoh trook, we nay list 
all possible sohedules and assign a weight (or cost) to saoh. 
?t«8» 1st 9 denotes ths total hOBbsr of route possibilities 
: .u 
and Ut 0|^ (^ ) A«oe%« tiui eost of tb» d«Ilvex7 Msooiafwd with 
%h« tth poMibilltT of kth trtiok, SoppoM 3Cj^ (t)'' ^ ^^  ^^ ^^ '^  
sohodolo for truok k in oeleotod and let Xj^ (^ ) " o oth««lM. 
Al80» lot •|,ic(^)" ^ 1^ the 1th ordtfr le to he delivered In 
the tth sohednle of truok k and let •juc(^)"0 otherwleet then 
the problem of traneportlng goode to • ouotonere la a eet parti-
tioning prohlea where oonetralnte of the fom (5.26) enonre that 
each trtiok la uaed at aoat onoe. 
Solltloal dlatrlotlng la a prooeaa by whloh an area (e.g. 
atate) la partitioned Into aaaller areae, eaoh of which la aaalgnei 
a alngle repreaentatlve. Let • be the mmber of baalo population 
unite (oountlOB i oenaoa traota eto. ) . A dlatrlot la a ooablna-
tlon of these unite whloh aaeta populatlont ooapaotneas* and 
other requlresenta. The varloua wajra the population unite oan 
ooHpooe a dlatriot oan be enmerated. Let n be the nuiiier of 
poeslble dlatrleta. The problea la to aeleot k (k £ n) dletrlote 
eo that every population unit belonge to exaotly one dletrlot. 
We define x. to be 1 If the jth dlatriot la In the redletrlotlng 
1 5X 
plan and o otbarwlit. fiirtta«r» Imt 9^ « I if the 1th population 
unit U In tho Jth diotrioto and lot m^ * o othonfloo. Than If 
Oj l0 dofinod to bo ooao aoaottro of onaoooptabllitjr of tbo jth 
dlotrlott h^o probloB of finding ttao dlotrioto wfaioh will ooror 
a l l tho population unito at a miniaal soaatiro of onaoooptabllitj 
io n oot partitioning probloa with tba additional oonotraint 
n 
(h) ^nfCTBttlttB RtlrltTil <Pir, ft^^sl.) : 
?ho probloa io to rotrioTo a givon oot of • roqooato for 
inforaation fMa a sot of n filos ao that tho longth of tho 
•oaroh is ainisisod. Hore tho ooat o^  oorroaponda to tho longth 
of tho jth f iU , XM ia oqoal to 1 if tho jth filo i» oolootod 
and Xj ia a othorwioot oloo t ^ * ^ moana that tho 1th intor* 
aatlon roqneatod ia in the jth filot ond o^" o i f i t ia not. 
5.4.2 il^yi^li^^ 
Tharo 9 0 two toohnlquoa for aoWing tho oot ooToring and 
oot partitioning probloa. Both aro ooaroh algorlthyo and bovo 
porforaod roaaonably wall in eoapatationo. A oea^h algoritha 
ia a baalo approach oooplod with a point or noda algOrltika. A 
fairly datailod dioonael n^ on a aoaroh algorithm for tbo oot 
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partitioning problaw !• giyn in Qurfinkiel a&A BcahauMr @^ 9€9j 
and 1l«rst«n and Sbapordson | i98l] , A saaroh algorittaa for •elTiag 
the Mt oevttring pro- lea la fonod in l«enkie« ralkin and Spielberg 
[19713t ABA Salkin Il969j. Heoriatloa for aet ooTering probleaa 
are prenaated in Baker [l981], Balaa and Ho ^980]}, Taako and 
Wilson [19641, &96^3. 
?ha travelling aalesaan problem ia the no at oelebrated of 
al l diaorete optiaiaation probleaa. ^ need to aolve large 
traTeling aaleaaan probleaa ariaea in noaerona iq;)plied oontexta 
aaong whioh are probleaa in Tehiole roatingt eosipater i[P?itte» 
and job-atep aohedttling. Karl/ hiatozjr of the problea la fooad 
in Flood B>9563. Bnntaigt Fultereon and Johnson 0-954J presented 
a aolution of a large aocde problea. Oonaalea 0.9623 hare aolved 
the problea by dfnaaie pro^raonting. iield and Xarp (l962j have 
solved problea up to 13 oities by dyosaic prograoaiing. They 
developed an ^prozlaMtlon that aeeas to work but does not 
guarantee an optiaal tour, Dantsig, Fulkeraon and Johnaon ^959j 
have ii>plied ooabinatorial approach to the problea, Sant^igi 
Fulkeraont and Johnaon |l934], UiUer, ^ker and Zealin 119633 
have foranlated the traveling aalesaan problea as an Integer 
lu 
programing prdblcm And oattlng plant attbodn are applied to 
solva i t in lAiioh furtbar dtTalopnants ara «ada by Miliotia 
[I976]9 D>9783, 1 bauriatio la givan by Sarg and Thoapaon Il964lt 
and Lin and SarnigtMai 0'9'i^ ]« Sab tour allainatlon algorltbaa ara 
diflooeaad in Ballaoxa and Malana Q.971J. Cbritofidaa and Silon 
II9723 hava d»Talopad boonda for tha larga aoala travaliag ealaa-
nan problam. Oarfiakal |i9753 partilionad th^ faaaibla aat in a 
branch and bound algoritba fbr ttia aasnoaatrio travaling aalaaaan 
problaa* Baaaraa and Cooda 6l977j appliad duality to tha problaa. 
An intaraating and fairly datailad daaoription of applioationa 
of tha problaa la glTan in lanatra, J«« and Rinnooy Kan A p.975]. 
CoBptttational aifccidy ara fonad in Fadbarg and bng [l977l»attd 
Smith, Srinivaaan, and Tboapaon 0>9773ff ^'•ex ngian approach 
to the problam ia givan by Balaa and Chrietofidea |l98ll« • 
datailad diaonaaion on tha varlooe algorlthaio davalopaanta 
ara fonnd in Farkar and Rardin ^985 J« l^ny baoriatio procadaraa 
bava been darelopad for aolving tha traveling saleanan problaa. 
Roaankranta [19773 8«va an analyiia of neveral of than. Surrey 
art Idea include Golden Q.9^J, Lawlar ^9&^'] and Tang [19383. 
Hare «a ahall praaant aatha«atioal fonuilation of tha pr^laa 
and tban two olaaaioal aolution taohniqoaa will be rafanid to. 
1 S'i 
Th« traveling taltflMn problea is •a«y '-o d«fln« : A salsMaa, 
•tarting in OM oity, wiiha* to Ti«it •aoh of th« n*l oitiss 
once and o i ^ oaoo and return to tht start* In vbat order should 
te v is i t ttis oitiss to miniaiss ths total distanos travslad ? 
?or *distaBos* ws oan substitats tlas* oost» or othsr ssasars of 
sf-^'eotivsnass as desirsd. Distaaoa or oosts batween all oity 
pairs ara prasnaad knotrn. 
BtfOrs introdnoing tbs forsalatioa, a dafinitlon of a tour 
and a subtoor is givan, A solatioa to tba travsling aalasaan 
problsB is said to oonstitata a toor if, starting Aroa an 
arbitrary oitf* say o» avsry city is visitsd azactly onoa bafors 
raturning to oity 0, (Tba distanos aatrix d^^^  i s assuasd to 
satisfy b^a triangular iosqoalitf.) A aixbtonr ma>' ba dafinad as 
a tour oooprising k oitisfts., vhara k i s striotly lass tban n. 
Thus a subtoor is not a faasibla solution to the problaa. 
Suppose we labsl the hoae oity as oity 0 and n^l. (Then 
we may think of the eal^eoan'e initial location as oity 0 and 
the desired final location as city ntl) . Also introdooe the 
sero-one •arirt)le x^^ ( i «o , l , . . . ,n , 3»l , , . . ,n+l , i ^ j ) , where 
ISo 
x^^ " 1 i f th« 0al0n«n «rav«Ie ttom elty 1 to j« and x^ ^^  - o 
othervlM, l!o guairaatoe that aaoti oitj (axoapt oitjr e) IP antarad 
azaotly onoat «a luira 
1«10 *3 
Slallarly, to anaora tba^ aaojr city (axcapt oity otl) !• 
laft axaotly onoat «• t^ «^ * 
^ 3t*i " 1 (l"o,l,...,n, 1 f' j) 
Tbaaa oonatrainta bowarer do not aliaioate tha pomlbllty 
of Bttbtom^ of ** loo|^ a **. Ooa way of allaioatloig tha aabtour 
poBplblity la to add tba oonatrainta 
a^  • o^  •Cn-1) x^j i B (1-0,1,...,n,3«l,...,n*l,U<3) 
wbara a^ , la a raal mabar aaaoolatad wltli o l ^ 1. 
% ahow that a aolntlon containing loops oannot aatlafy 
thaaa oonatralate» oonaldar any aubtour axoapt tba ona 
containing tha bona city. Tban, If wt a n the Inaqoalltlaa 
oorraapondlng to tha x^ ^^  • I around h^a lo^^, tha a^  • a^  
canoal aaoh othar and wa ara laft with (B^-DH ^ nR, vhara H 
la tba noabar of oroa In a anbtotir« whleri le a contradiction. 
Oa the other hand* to M that th«M oonetralnts awj b« 
Mtlsfltd ifb«a fthcr* aro no attbtenrat dafina a^  • ^ ' ^ I * °^ »^ 
and lat c^ * Ic if oitjr i i i tha kth oltar •ialtad on tha toor. 
Than, alien x^^ • I, wa hara «i-«j •(n^D • Ic-Ck^D+Cnn) • n, 
ainoa I :^  a. :^  otl ( i« l f .»n^I)» tha dlffaranoa a -^a^ is 
aXa^ sra ^ n (all itj)» and thua tha oonatrainta are aatiefiad 
whan X|^  •• o. 
It) ooaplete the aodel wa wiah to minimize the total dietaaoa 
n tt^l 
^ ^ d4 4 X4 4, Or an integer progracning ^ormulatlon of tha 
i"o j«l 3^ *3 
traveling eaXeeaan problaa I0 to find varlaible x^ a and arbitrary 
real niahara a^  lAiioh 
n n+l 
•14iBlaa £ ^ A44 3C44 
i-o j - l ^^  i i 
n 
aabjeot to ii x^-«l ( j - l , , . . , t t* l , i /3) 
i"0 • 
• • • xPa*- ( ) 
n<-l 
£^  x^ ^ • I (i«o,l,. . . ,n,l»'3) 
. . . ( 5 , ; ) j -x -*^ 
Oj^ -Oj*(nn)x^^ i n ( i-o,I , . . . ,11,3-1, , . . ,n^l, i /j) 
and x^ ^ - 0 or I ( i -0t l . . . . ta , j - l , , . . ,n*l , i f '3) 
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«b«re Xg ^^ o (slno* x^^ " o f o r l - i ) , Thle foraulatloii 
orlgiaAllj app««r«4 In Tnokgr OL9€0^. In the abeenoe of tb« 
eonetralnt (3 ,n ) th« problca (^.rs) Is a onee of ganara X 
aaeignnant problaa. Cbfortunataljr, tbara i s no gaarant;«a that 
tba optlaal solation of tba asalgasent •odtl will be a toor. 
Host likely soob a eolation will oonsiets of smbtoors. Two 
catting plana ttsthods for the solotlon of l&e problen taay be 
seen in Pantsifi ^^Hotreon and Johnson D.9H3f and Millar*Tookar 
and Zealin il9603. ilie branch abd bound method nay be seen in 
Parker and laardin [19853• These nethods are aiaed to ihowing hoe 
the toiar restriction i s isaposed explicitly so that 6he optixMtl 
solotlon is a tsor. 
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